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Analytical relations between hardness and strain for cold formed parts
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bstract

Our objective in this study is to establish an analytical relation between hardness and effective strain induced in a metal during cold working. In
his way, its hardness can be determined from numerically obtained plastic strains without producing the part and taking measurements. For each of

he two most commonly used measures of indentation hardness, Vickers’ and Brinell’s, a separate analytical relation was proposed relying on the
revious empirical and numerical studies. The results of the analytical models compared well with the data obtained from the experiments that we
onducted. The models were also verified by comparing its predictions with the experimentally determined hardness values reported by previous
esearchers. The results showed that both of the analytical models can reliably be used to determine hardness distribution within a cold formed part.
 2007 Elsevier B.V. All rights reserved.
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. Introduction

If a piece of metal is cold formed, the resulting plastic strain
istribution will not be uniform because of uneven deforma-
ion. Knowing that inducing plastic deformation alters material’s
trength, different regions of a cold formed part will have dif-
erent strengths. In order to ensure reliable use of the part, we
eed to characterize and determine its strength. A practical way
f characterizing strength is hardness.

Hardness as a measure of material’s resistance to permanent
eformation, and thus to wear, is an important quality parameter
or the finished product. It is also a measure of forgeability of
material undergoing a cold forming process. Generally, cold

ormed parts are forged in a number of stages and in each stage
he material undergoes additional permanent deformation. The

aterial, during the processing, sometimes becomes so hard that
urther forming becomes impossible without fracturing the part.
n order to continue the process, it should be heat treated, and
hus its hardness should be reduced. Therefore, it is crucial to
now whether all stages can be achieved consecutively with-
ut any interruption of forming process or a heat treatment is

ecessary at some intermediate stage.

Because of being an important quality criterion and a means
f determining formability of the material, we need to determine
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he hardness of a part. Trial and error, by producing prototypes,
aking measurements and repeating the process, is not a feasible
pproach. It is difficult, time consuming, and costly. Estimat-
ng the hardness distribution without actually making the part
s a more desirable approach. In this way, we may judge the
uitability of the material for the chosen processing, or predict
hether the end product will have the desired hardness levels or

equire a final heat treatment, or we may decide whether the pro-
ess can be completed in one stage, or in successive stages with
ntermediary heat treatments reducing the hardness to provide
orgeability.

Brinell and Vickers hardness criteria are two of the most
ommonly used standards for characterizing materials hardness.
ence, many researchers focused their effort on finding a rela-

ion between these standard hardness criteria and effective strain.
im et al. [1] performed an upsetting experiment, and then mea-

ured the hardness at various locations in the part. They also
alculated effective strain distribution in the upset part through
FE analysis of the upsetting process. By correlating the mea-

ured hardness and the numerically found strains, they found
relation between Vickers hardness and effective strain. They

lso checked the validity of this relation by comparing numer-
cally determined effective strain distribution in a backward
xtruded can to the measured hardness distribution. Gouveia

t al. [2,3] performed a similar study for cold forward extru-
ion. They obtained a relation between Vickers hardness and
ffective strain by measuring the hardness at the center of cylin-
rical specimens compressed at specific ratios. According to the
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σ = κε (4)

where κ and n are material constants. The strain hardening expo-
nent, n, ranges from 0.0 (zero work hardening) to an upper
limit of about 0.5 [10]. In this study, analytical equations were
64 F.O. Sonmez, A. Demir / Journal of Materia

ompression ratio, the compressed specimens had known values
f effective strain. They used their relation to verify the numer-
cally calculated effective strain distribution in an extruded part
y comparing with the measured hardness distribution. Petruska
nd Janicek [4] also conducted a similar study. They carried out
ompression and extrusion tests on steel and copper specimens.
fter cutting the specimens through their symmetry axes, they
easured hardness at various points. By relating the measured

alues of Brinell or Vickers hardness to numerically obtained
trains, they obtained empirical equations. Ruminski et al. [5]
btained an empirical relation between Vickers hardness and
ffective strain to determine the mechanical property distribu-
ion in cold drawn tubes. However, all of these were empirical
elations specific to certain materials with a certain flow curve.
f one seeks a relation between hardness and strain for another
aterial, an upsetting test, hardness measurements, and FE sim-

lations are required followed by correlation with results. Choi
t al. [6] avoided this burdensome procedure by performing a FE
imulation of the Brinell hardness test for a cold formed mate-
ial. They numerically obtained Brinell hardness of a material
hat has undergone a certain extent of plastic strain. Based on
he calculated hardness they found a relation between hardness
nd strain, and then verified this relation by comparing the pre-
icted hardness distribution with the measured values. Although
hey avoided the cumbersome experimental work that the pre-
ious methods required, their approach still poses difficulties
oncerning accurate FE modeling of a Brinell indentation, and
omputational expense of such a nonlinear contact problem with
oving contact boundaries. Besides, the obtained relation is not

eneral, but particular to the material under concern. Similarly,
ekkaya [7] carried out a FE analysis of conical indentation on a
old worked part to find the equivalent pyramidal Vickers hard-
ess and obtained a relation between Vickers hardness and flow
tress.

In this study, we propose an analytical relation between the
rinell hardness of a cold formed material and the effective strain
ased on the flow curve constants of the unformed material. We
lso examine the applicability of a previously proposed relation
or Vickers hardness and yield stress to this purpose. In this
ay, formidable experimental and numerical procedures can be

voided.

. Approach to the problem

The Brinell hardness test (Fig. 1) is performed by forcing a
ardened steel (or tungsten carbide) ball with diameter D onto
he part being tested with a specified force, F, and measuring, by
magnifier or microscope, the diameter of the indented area, d.
he Brinell hardness, HB, is defined as the load per unit surface
rea of the permanent impression:

B = F/D2( √ ) (1)

(π/2) 1 − 1 − (d/D)2

ere, F is in kgf, D and d are in mm. Accordingly, the unit of
B is kgf/mm2. For steels having hardness less than 650HB,
Fig. 1. A schematic for the spherical indentation of the Brinell hardness test.

he standard value of the F/D2 ratio is 30 kgf/mm2. Usually, the
hosen values for F and D are 3000 kgf and 10 mm [8]. Hence,
aving measured or estimated the indentation diameter, d, one
ay easily calculate HB.
Vickers hardness test shares the same procedure except that a

yramidal indenter is used. It (Fig. 2) is performed by forcing a
iamond square pyramid onto the part being tested and measur-
ng the diagonals of the indented area, s. The Vickers hardness,

V, is defined as the load divided by the surface area of the per-
anent impression. The angle between the opposite faces of the

yramid is 136◦ such that the base of the pyramid has an area
qual to 0.9272 times its lateral area [9]. Thus, Vickers hardness
s given by

V = 0.9272Pm (2)

here Pm is the mean pressure (force divided by the projected
rea), thus

V = 0.9272

(
2F

s2

)
(3)

he unit of HV is also kgf/mm2. Once the diagonal of the inden-
ation, s, is measured, or predicted through a model, Vickers
ardness can be calculated.

We may assume that the deformation behavior of the material
ts a simple power law such that if the material is under uniaxial

oading, the true stress-true strain curve can be described by

n

Fig. 2. Schematic for the pyramidal indentation of Vickers hardness test.
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Fig. 3. Schematic of the procedure for verifying the analytical model.

roposed that relate the diameter, d, of a Brinell’s spherical
ndentation, and the diagonal, s, of a Vickers’ pyramidal inden-
ation to effective strain and flow curve constants κ and n so that
ardness of cold formed parts can be predicted.

Fig. 3 describes the procedure that we followed to ver-
fy the analytical models. First, two different materials were
elected and their flow curves were determined through upset-
ing (compression) experiments. Effective strain at the central
ine of the extruded parts away from the edges was already
nown analytically. Besides, FE analysis of the extrusion pro-
ess was carried out to find the effective strain distribution.
hus, it was possible to ascertain the region where analytically
alculated strains were valid. Then, the hardness correspond-
ng to the effective strains was predicted through the analytical

odels. The results were then compared with the measured hard-
ess. The analytical models were also verified by checking how
ell it predicts the experimental results reported by previous

esearchers.

. The analytical model to predict Brinell hardness

The mechanical behavior of an indented solid can be char-
cterized as purely elastic, elasto-plastic, or fully plastic. If the
ndentation force is small, the material elastically deforms and
pon unloading the surface recovers to its original shape. A fur-
her increase in the load leads to plastic deformation; then plastic
egion extends, during which resistance of the material against
eformation increases due to work hardening. Continued inden-
ation thus requires larger and larger mean pressure. Beyond the
lastic–plastic regime, a fully plastic regime follows, in which
lastic zone extends over the whole region around the indenta-
ion. Hardness measurements are carried out in the fully plastic

egime; hence correlation of experimental and analytical results
hould be made in this regime.

In 1908 Meyer developed an empirical relation [9] such
hat the ratio of indentation diameter to the ball diameter, d/D,

t
s
m
a
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ncreased with the mean pressure, Pm, as

m = k

(
d

D

)m

(5)

here Pm is the load per unit projected area

m = F

πd2/4
(6)

The data provided by O’Neill in 1944 [9,11] suggested that
he power m in Eq. (5) was about equal to the strain hardening
xponent, n, in Eq. (4). Further experimental studies confirmed
his finding [12,13].

Based on indentation tests performed on highly worked mate-
ials Tabor [10,11] found that mean pressure, Pm, was about
qual to 3σe, flow stress, in the fully plastic regime regard-
ess of the indentation size. Because they were incapable of
urther appreciable work hardening, they can be considered to
e ideally plastic material. Accordingly, flow stress, σe, can be
ssumed to be uniform around the indented region. On the other
and, when a work hardening material is indented by a spher-
cal indenter, the flow stress (or yield stress, Sy) increases in
he indented region as a result of the strain hardening of the

aterial. We should recognize that the extent of deformation,
r strain (ε), changes from one point to another in the indented
egion, so does the flow (or yield) stress according to Eq. (4).
his means that for work hardening materials, flow stress not
nly varies with deeper penetration but also varies spatially in
he indented region. Tabor [11] assumed that at a material point
eveloped a flow stress, σe, that could be considered to be rep-
esentative of the overall deformation. He further assumed that
he representative stress had a linear relation with the average
ressure.

m = ασe (7)

here α is a constant, called “constraint factor.” At this material
oint, the representative stress, σe, and strain, εe, are also related
ccording to Eq. (4).

e = κεn
e (8)

Tabor, reasoning from the equality of strain distributions
or indentations at which d/D ratio is the same, because of
he same deformed shape, concluded that the representative
train would also depend on this ratio. In order to find the
oint of representative flow stress, Tabor first established an
mpirical relation between pyramidal Vickers hardness and the
ow stress of the material based on measured values of hard-
ess on specimens compressed by specific ratios, therefore with
nown flow stress. Then, he conducted micro-pyramidal inden-
ations on the surface of spherical Brinell indentations, and thus
etermined the flow stress of the deformed material at various
ocations on the free surface. Based on the data, he found out
hat the flow stress at the edge of the indentation was propor-

ional the mean pressure, Pm, over a wide range of indentation
izes (d/D) such that Eq. (7) holds with a value of α approxi-
ately equal to 2.8 (for various materials, it was between 2.6

nd 3.0). Accordingly, he supposed that it might be used as a
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epresentative value for the overall deformation of the material
round the impression. The corresponding representative strain
t the edge found from Eq. (8) turned out to be linearly related
o the d/D ratio (confirming Eq. (5) and equality of n and m)
s

e = β
d

D
(9)

ere, β was about equal to 0.2 independent of n or κ. Substituting
qs. (6), (8) and (9) into Eq. (7), we obtain

F

πd2/4
= ακ

(
β

d

D

)n

(10)

ere left hand side represents the mean pressure, Pm, which
akes the same value as long as d/D remains the same as the
xperiments demonstrate. The ratio of mean pressure Pm, to
ield stress Sy (or σe), at the onset of permanent deformation
uring indentation takes a value of about 1.1 [14–16]. In order
o induce a deeper indentation, this ratio needs to be increased,
ut when the ratio becomes equal to α (in Eq. (7)) in the fully
lastic regime, in which hardness measurements are taken, it
emains constant [11]. Taking out the indentation diameter, d,
n Eq. (10), we get

=
(

4FDn

πακβn

)1/n+2

(11)

ubstituting for d in Eq. (1), and rearranging, we may express
he Brinell hardness, HB, in terms of the known properties.

B = F/D2

(π/2)

(
1 −

√
1 − ((4/πακβn)(F/D2))2/n+2

) (12)

q. (12) implies that as long as the F/D2 ratio remains constant
the standard is 30 kgf/mm2 for steels), the same Brinell hardness
s obtained for a given material regardless of the applied force, F.
his equation, of course, is valid only in the fully plastic regime.
aving determined flow curve constants (κ and n), we can easily

alculate the Brinell hardness.

In a cold forging process, plastic strains are induced, and
onsequently hardness of the work-piece increases due to strain
ardening. Eq. (12), however, does not account for the effect
f work hardening. Therefore, it is valid only for materials
ith no prior deformation. Tabor confirmed that initial uniaxial

εij
∼= eij =

⎡
⎢⎢⎢⎢⎢⎣

1

3
(2ε11 − ε

ε1

ε1
train, ε0, is additive to the representative strain, εe. Eq. (9) then
ecomes

e = ε0 + β
d

D
(13)

ε

m

ocessing Technology  186 (2007) 163–173

Substituting Eqs. (6), (8) and (13) into Eq. (7), we may
xpress the average pressure as

F

πd2/4
= ακ

(
ε0 + β

d

D

)n

(14)

q. (14) may not be solved for d analytically. We need to employ
umerical methods. After substituting the numerically obtained
alue for d in Eq. (1), we may easily calculate HB. Never-
heless, Eq. (14) is valid for uniaxially loaded and deformed
arts. Its validity for multiaxially loaded and deformed parts is
nvestigated in this study.

.1. Effective strain

During forging of intricate parts, unlike uniaxial loading,
eformation state becomes very complex. At a material point,
ll of the strain components, εij, may be nonzero. However,
n order to be able to employ Eq. (13) we need a single
train, ε0, that is representative of the prior deformation at that
oint.

Considering the strain components, εij as a superposition of
lastic and plastic components, εe

ij and ε
p
ij , we may express εij

s

ij = εe
ij + ε

p
ij (15)

lastic deformation induced during forging is so extensive that
lastic deformation can be assumed to be negligible, thus

ij
∼= ε

p
ij (16)

ne may define deviatoric strains, eij, as

ij = εij − 1

3
εkkδij (17)

here εkk is the sum of the normal strains, ε11 + ε22 + ε33, which
epresents dilatation (or volume change per unit volume), and
ij = 1 for i = j, δij = 0 for i �= j. According to the deformation
heory of plasticity, plastic strain involves only a change in shape,
ut no change in volume (εkk = 0). Thus, the stain components
an be expressed as

ε33) ε12 ε13

1

3
(2ε22 − ε11 − ε33) ε23

ε23
1

3
(2ε33 − ε11 − ε22)

⎤
⎥⎥⎥⎥⎥⎦

(18)

Effective strain is defined as

0 =
√

2

3
eijeij (19)

n expanded form√

0 = 2

3
(e2

11 + e2
22 + e2

33 + 2e2
12 + 2e2

13 + 2e2
23) (20)

As can be seen, in uniaxial loading of an incompressible
aterial (ν = 1/2), where only σ11 is nonzero, effective strain
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educes to ε11. For further information, one may refer to books
n plasticity like Ref. [17].

In this study, we assume that Eq. (13) as well as Eq. (14) are
alid for multiaxial strain state if effective strain is used for ε0.
uminski et al. [5] found that compression and tension speci-
ens deformed to the same level of effective strain possessed

bout the same hardness for the materials they tested. This fact
upports our assumption made in deriving Eq. (14) that hard-
ess of a material is uniquely related to the level of effective
train regardless of the deformation history. However, for mate-
ials for which tension and compression flow curves are highly
iscrepant such as austenitic stainless steels [7], or steels having
ntempered martensitic structure [18] validity of Eq. (14) will
e questionable.

.2. The factors α and β

Tabor [11] experimentally determined the values of α and β in
q. (10) as 2.8 and 0.2. Researches investigated through empiri-
al, theoretical and numerical studies whether these values were
ust empirical fit obtained by just averaging the data on a few cho-
en materials, or they possessed a general validity. Most of these
esearchers confirmed the form of Eq. (10), but differed on their
hoice of appropriate values for α and β [16,19–21]. FE analy-
es of some researchers [15,22–25] confirmed Tabor’s findings.
ome others [12,13,26–29] proposed different relations between
ean pressure, Pm, and indentation diameter, d.
Ahn and Kwon [30] conducted instrumented spherical inden-

ation tests on steel specimens and determined the contact
iameters from the measured load–depth curves. They found
he ratio of mean pressure to representative stress, Pm/σe, to be
onstant in the fully plastic regime and equal to 3.0 independent
f strain hardening exponent, n. σe is the stress correspond-
ng to the representative strain, εe. They advocated a form for
epresentative strain, which was different from Eq. (9), given as

e = β
1√

1 − (d/D)2

d

D
(21)

here β is a constant. A value of 0.1 provided the best agreement
etween the experimental results and the equation. One should
ote that if (d/D)2 is negligibly small, Eq. (21) approximates Eq.
9).

Matthews [21] developed a model for spherical indenta-
ion process by generalizing the linear formulation for contact
ressure between spheres to nonlinear deformation of work
ardening materials during indentation. His model conforms
o Tabor’s equation, but here α depends on strain hardening
xponent, n.

= 6

2 + n

(
40

9π

)n

(22)

FE analysis of spherical indentation carried out by Taljat et al.

28] also showed dependence of α on strain hardening exponent
.

Review of the literature reveals that there are disagreements
mong researchers regarding the relation between mean pres-

H

H
m

Fig. 4. Geometry of a pyramidal indentation.

ure and the extent of indentation. Reliability of the proposed
elations should to be determined based on empirical data.

. The analytical model to predict Vickers hardness

In a Vickers hardness test, because a pyramidal indenter is
sed, only the size of the impression changes with the applied
orce, while its shape remains the same, i.e. the ratio of the
ndentation depth to contact length, h/a, remains constant as the
ndentation depth, h, is increased (Fig. 4). Accordingly, normal-
zed strain state can also be assumed to be independent of the
ndentation size as long as it is insignificantly small in compar-
son to the size of the part. That means ε(x/a, y/a) is the same
ndependent of indentation size. Then the corresponding nor-

alized stress state should also be the same. The indentation
ressure, Pm, generating the stress state may also be assumed
o be independent of the extent of the indentation. Vickers hard-
ess, accordingly, is independent of the size of the indentation,
nd therefore of the load [9] as long as it is larger than 500 gf
8]. Smaller loads may not give accurate results due to surface
rregularity and material inhomogeneity. On the other hand, a
tandard force should be applied on the spherical indenter of the
rinell hardness test for consistent readings.

Tabor [11] assumed that there is again a representative flow
tress, σe, that is linearly related to mean pressure:

m = c′σe (23)

here c′ is a constant. Considering that the strain state is
ndependent of the size, the representative yield strain, εe,
orresponding to σe is constant and independent of the load
nd hardness. Tabor [11] empirically determined its value as
bout 0.08, and observed that corresponding σe, obtained from
tress–strain curve of the material, is linearly related to Vickers
ardness, and also that the proportionality constant c′ relating the
ean pressure, Pm, to σe was about equal to 3.2. From Eqs. (2),

23) and (8), the following equation is obtained for the relation
etween Vickers hardness and flow constants:

V = cκ(εe)n (24)

ere, the values of c and εe are 2.9 (≈0.9272 × 3.2) and 0.08,
espectively. Based on the hardness measurements made on a
aterial that had been compressed by various amounts, Tabor

oncluded that the initial uniaxial strain, ε0, is additive to the
epresentative strain, εe. HV may then be expressed that
V = cκ(ε0 + εe)n (25)

owever, applicability of this equation to multiaxially deformed
aterials has not been investigated.
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Tekkaya [7] assumed the form of Eq. (24) to be valid and
roposed a value of 2.475 for the constraint factor, c, and 0.112
or plastic strain based on a FE analysis of conical indentation
nd experiments conducted on five different steels with four dif-
erent extrusion ratios. Larsson [31] carried out a FE analysis of
ickers indentation and found the representative strain approach
f Tabor valid in the fully plastic regime. The numerical results
tted to Eq. (24) with c = 2.6 and εe = 0.15. Jayaraman et al. [32]
ased on a FE analysis of cone indentation proposed an equation
imilar in form to Eq. (24), but depending on elastic modulus,
.

Pm

E
= 1.34

(σe

E

)0.84
(26)

ere, equivalent stress, σe, is calculated at 7% plastic strain.
Johnson [33], inspired by Marsh’s study [34], who found

correspondence between the pyramidal indentation pressure
nd the pressure found by Hill [35] necessary to expand a
pherical cavity from zero radius in an elastic perfectly plas-
ic solid, assumed that displacements produced by any blunt
ndenter (having small β) were nearly radial from the point of
rst contact and plastic strain contours were hemispherical in
hape. He considered the contact surface of a conical indenter
eing embedded in a hemispherical core of radius a. This core
eplaced the cavity in the theoretical model developed by Hill
35]. A hydrostatic uniform stress, p, was assumed to exist within
he core (r ≤ a) equal in magnitude to the applied pressure. The
tress and strain states outside the core (r > a) were taken to be
he same as predicted by Hill’s model. Imposing compatibility
etween the radial displacement at the core boundary (r = a) and
he volume of material displaced by the indenter, the pressure
ithin the core was found to be

P

σe
= 2

3

[
1 + ln

(
E

3σe
tan β

)]
(27)

here β is the inclination angle as shown in Fig. 4. Eq. (27)
s rigorously valid only for elastic–perfectly plastic materials
e is then taken to be equal to the yield strength, Sy. If this
quation is used for strain hardening materials, σe is the stress
orresponding to the representative strain, εe, which is equal to
.2 tan β, where for pyramidal indentation β = 19.7◦, for which a
one replaces the same volume of material as a Vickers pyramid.
q. (27) is valid in the elastic–plastic regime, where (E/σe) tan β

akes a value between 2 and 50. In the fully plastic regime, core
ressure becomes equal to 2.8σe and then remains constant.

Studman et al. [36] introduced a correction to Johnson’s
odel by taking the core as a region where stresses change from

urely hydrostatic just under the indenter to values which satisfy
he Von Mises yield criterion at the core boundary, yielding

P

σe
= 0.5 + 2

3

[
1 + ln

(
E

3σe
tan β

)]
(28)

Giannakopoulos et al. [37] based on a finite element analy-

is of Vickers indentation found the form of Eq. (27) valid for
inearly strain hardening materials in the elastic–plastic regime.
nly, the representative strain, εe, was much higher, 0.3, and the

actor was 0.27 instead of 2/3.

t
p
fi
t
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Mata et al. [38], assuming the form of Eq. (27) to be valid
lso for strain-hardening materials, carried out a finite element
nalysis of the indentation process and determined the constants
f Johnson’s model to determine hardness of power-law hard-
ning materials. They considered a rigid conical indenter with
n inclination angle, β, of 19.7◦, which they assumed to be also
pplicable to Vickers pyramidal indentation. Correlation of the
umerical results and the model gave

Pm

σe
= 1.440 + 0.264 ln

(
E

σe

)
(29)

here Pm is the mean pressure. They also found Tabor’s equa-
ion, Eq. (24), to be rigorously valid for elastic power-law-strain
ardening solids deformed in the fully plastic regime, but for
ifferent values of c = 2.7 and εe = 0.10. Mata and Alcala [39]
btained an equation that was valid for both elastic–plastic and
ully plastic regimes by fitting a function to the FE numerical
esults.

Pm

σe
= −0.0023

[
ln

(
E

σe

)]4

+ 0.0647

[
ln

(
E

σe

)]3

− 0.6817

[
ln

(
E

σe

)]2

+ 3.1968

[
ln

(
E

σe

)]
− 2.9261

(30)

ere, representative stress, σe, is the stress that corresponds to
strain of 0.1. Eq. (30) is valid for materials having strain hard-
ning exponents, n, between 0.1 and 0.4. Later, Mata and Alcala
40] developed a procedure to include the effect of friction on
ndentation.

Cheng et al. [41–43] performed a finite element analysis of
ndentation by a rigid cone and calculated the indentation depth
s a function of applied load. Through a dimensional analysis,
hey found Tabor’s representative strain approach to be valid,
ut for a value of εe = 0.1. The numerical results showed that
he ratio of mean pressure to representative stress, Pm/σe, was
ndependent of strain hardening exponent, n. However, this ratio
epended on the ratio of yield stress to elastic modulus, Sy/E,
ecreasing with increasing Sy/E. The value of Pm/σe was 2.8,
hen Sy/E approached to zero, which is the case for steels. One

hould note that mean pressure, Pm, was defined in this study as
he load divided by projected area of indentation under load. As
hown in another study [44], the mean pressure calculated based
n this definition may be quite different from the mean pressure
ased on the residual projected area after unloading, based on
hich Vickers hardness is defined.
Bolshakov and Pharr [45] carried out a FE analysis of axisym-

etric conical indentation, and found Tabor’s equation to be
alid, but at 10% strain and for materials with small values of
e/E.

Dao et al. [46] and Chollacoop et al. [47] carried out a large
eformation finite element analysis of Vickers indentation and
orrelated elasto-plastic properties of materials with their inden-

ation response through a dimensional analysis. Representative
lastic strain turned out to be 0.033, i.e. εe = Sy/E + 0.033. By
tting a number of dimensionless functions to numerical data,

hey obtained a relation between mean pressure, Pm, and elasto-
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lastic properties (E, n,κ). A similar study conducted by Bucaille
t al. [48] confirmed these findings. Casals and Alcala [49] also
ound dimensionless functions relating hardness to E, n, and σe.

. Comparison between measured and predicted values
f hardness

In order to test the suitability of the models, a comparison is
ade between the measured hardness of materials with known
ow properties and the hardness predicted by these analytical
odels. Because we focused on forging of steels in this study,
e only considered steel properties reported in the literature. As

een in Table 1, the flow parameters (κ and n) and hardness of

he 37 chosen materials have a wide range of values (0.04–0.264
or n, 540–2834 MPa for κ, 92–642 kgf/mm2 for HB). Because
he hardness of these materials was measured before any prior
eformation (i.e. work hardening), Eq. (12) was employed for

i
o

n

able 1
easured hardness and the percentage error in calculated hardness (Eqs. (12) and (24

aterial (steel) κ (MPa) n

ow carbon steel, 0.077C [50] 593 0.25
ow carbon steel, 0.065C [50] 540 0.17
ISI 1010 [1] 665 0.255
Nr. 1.0303 [2,3] 685.2 0.185
C18 [51] 664 0.10
CM415 [6] 768 0.139
2CN18-10 [51] 862 0.21
ild steel [11] 1000 0.249
C80 [51] 921 0.17
.46%C steel [52] 1180c 0.264c

ISI 4130 annealed [53] 888 0.145
5CD4 [51] 819 0.09
ISI 316L austenitic stainless steel [54] 1760 0.4
nnealed low alloy steel 0.34C, 1.2Cr [18] 925c 0.16c

C48 [51] 1133 0.16
6NC6 [51] 1026 0.17
00C6 [51] 1023 0.14
2CD4 [51] 939 0.10
38CDV5 [51] 1136 0.17
C38 [51] 1102 0.11
C65 [51] 1607 0.24
ISI 329 dublex stainless steel [54] 1062 0.17
ISI 4130 annealed [53] 1150 0.07
.3C, 0.4Mo, 1.4Mo,1.6Ni temperature at 725 ◦C [12] 1137 0.120
STM A514, T1 [55] 1103 0.088
508B [56] 1133 0.105
AF 2507 dublex stainless steel [54] 1307 0.19
5NC15 [51] 1235 0.08
15CN17-03 [51] 1403 0.10
ISI 4130 tempered at 670 ◦C [29] 1300 0.096
ISI 4130 tempered at 550 ◦C [29] 1375 0.070
AE 4340 steel [57] 1659 0.0749
.3C, 0.4Mo, 1.4Mo, 1.6Ni temperature at 425 ◦C [12] 1534 0.061
ISI 4130 tempered at 400 ◦C [29] 1860 0.049
ISI 4130 tempered at 300 ◦C [29] 2213 0.056
.3C, 0.4Mo, 1.4Mo, 1.6Ni temperature at 200 ◦C [12] 2163 0.050
araging steel [58] 2838c 0.04c

a Brinell hardness was converted to Vickers hardness using the conversion table for
b Rockwell hardness (scale B) was converted to Vickers hardness.
c These values were estimated using the curve provided in the paper.
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rinell hardness using the suggested α and β values. The empir-
cal values (α = 2.8, and β = 0.2) proposed by Tabor [11], and
onfirmed by the analyses of Hill et al. [25] and Follansbee et
l. [15,22] turned out to be the most appropriate ones in pre-
icting the hardness of a steel material. The average error in
B predicted by Eq. (12) for the chosen materials is 5.6% with
standard deviation of 4.3, and the maximum error is 15.2%.
here is no need to decrease the value of α for low strength steels

n contrast to the suggestion made by Tirupataiah and Sundarara-
an [12] for lower strength materials such as iron and copper. As
or the models developed for pyramidal indentation, again the
quation, Eq. (24), proposed by Tabor turned out to give the best
orrelation with measured Vickers hardness. The average error

n HV predicted by Eq. (24) is 5.6% with a standard deviation
f 4.6, and the maximum error is 18%.

Because our objective is to estimate Brinell or Vickers hard-
ess of cold forged products, the validity of the models in

)) of materials with no initial strain

Measured
hardness, HV

%error in predicted
HV (Eq. (24))

%error in predicted
HV

a (Eq. (12))

92b 3.8 2.8
99b 1.4 5

103 0.5 1.6
115 10.3 8.9
149 2.4 −1.0
150a 6.6 3.9
155 −3.2 −4.1
156 1.1 0.8
167 6.2 4.0
171 4.8 4.2
173a 2.6 5.2
194 −0.5 −3.5
194 −2.3 −2.0
202 −9.6 −11.3
205 9.1 6.1
206 −4.1 −6.4
206 3.1 0.6
214 0.8 −2.0
223 −1.9 −4.4
232 6.4 3.7
232 11.7 7.6
235 −13.0 −15.0
242a 14.7 15.2
260 −4.5 −7.0
269a −3.1 −6.4
272 −5.6 −8.7
275 −13.0 −15.2
287 4.0 1.4
304 6.0 3.3
314 −3.9 −6.5
356 −4.3 −6.8
383 6 3.4
425 −8.5 −10.5
487 −0.2 −1.2
569 −0.2 −1.4
571 −1.3 −2.1
642 18.2 14.6

steels [59].
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Fig. 5. Data points indicate the measured hardness corresponding to the numer-
ically calculated values of effective strain [1] for AISI 1010. The thicker line
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hows the empirical curve obtained by curve fitting of the data points. The thin-
er solid line and dashed line show the hardness predicted by Eq. (14), together
ith Eq. (1), and Eq. (25), respectively.

stimating the hardness of permanently deformed materials is
ur concern in this study. Here, we examine whether Eqs. (25)
nd (14) together with Eq. (1) are also valid in predicting Vick-
rs and Brinell hardness of cold worked parts where deformation
ehavior is complex if effective strain is used for ε0 as represen-
ative of the prior deformation. We compare the predictions of
he proposed equations first with the experimental data reported
y Kim et al. [1]. In Fig. 5, data points indicate the hardness
easured at specific locations in compression specimens cor-

esponding to the numerically calculated effective strains. The
hicker line shows the empirical curve obtained by curve fitting
f the data points (HV = 102.8 + 84.9ε0.4

0 ) [1]. The thinner solid
ine shows the Brinell hardness predicted by the proposed equa-
ion (Eq. (14) together with Eq. (1)) using the flow parameters
f the undeformed material (the Brinell hardness was converted
o Vickers hardness using the conversion table in Ref. [59]). The
ashed line shows the Vickers hardness predicted by Eq. (25).
alculated values of hardness are almost within the range of the
ata scatter. Only Vickers hardness predictions are a little out
f range for very large effective strains. The empirical values

α = 2.8, β = 0.2 in Eq. (14), and c = 2.9, εe = 0.08 in Eq. (25))
roposed by Tabor [11] again provided the best fit.

Fig. 6 provides another comparison between the predicted
nd measured hardness. The triangular marks show the hardness

ig. 6. The thicker line shows the empirical curve obtained by curve fitting of
he data points (HV = −60.7ε2

0 + 119.1ε0 + 115.1) [2]. The thinner solid line
nd dashed line show the hardness predicted by Eq. (14), together with Eq. (1),
nd Eq. (25), respectively.
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ig. 7. Data points indicate the measured hardness of a mild steel [11]. The solid
ine and dashed line show the hardness predicted by Eq. (14), together with Eq.
1), and Eq. (25), respectively.

easured by Gouveia et al. [2,3] at the center of cylindrical
pecimens compressed at specific ratios, therefore with known
alues of effective strain. Although, the analytical models
omewhat overestimate the hardness, the predicted trend in
ardness with induced deformation agrees with the experimen-
ally determined trend. The maximum error is 14% and 18.5%,
nd on the average the error is about 11.3% and 15.7% for
q. (14), together with Eq. (1), and for Eq. (25), respectively.
onsidering the various sources of error, the agreement of the
nalytical predictions with the empirical data is fairly good.

We further verified the models by comparing its predic-
ions with the values of hardness measured by Tabor [11] on
ylindrical specimens with known effective strain (Fig. 7). The
redictions of the models agree quite well with the data.

In order to verify the proposed models, in addition to the hard-
ess measurements of the previous researchers, we conducted
old extrusion experiments and measured Brinell hardness at the
enterline of the extruded part.

In cold forming, usually low-carbon steels are used. Accord-
ngly, the selected materials for extrusion were C40 and St37.
illets were normalized before the cold forming experiments in
rder to attain a homogenous and relatively soft microstructure.
irst, in order to characterize plastic flow behavior of the materi-
ls, i.e. to obtain the flow curve constants, upsetting experiments
ere carried out. Table 2 presents the constants of the flow curves

epresented by a power relation, σ = κεn.
For extrusion tests, five extrusion ratios were chosen, which

esulted in five different final strain values. Table 3 shows the
imensions of the extruded part, and the associated central
trains. The details of the experimental procedure can be found

n Refs. [60] and [61].

Although the effective strain at the centerline of the extruded
art was analytically determined as 2 ln(D0/De), due to edge
ffects validity of this formula is restricted to portions of cen-

able 2
low curve constants of C40 and St37 (σ = κεn)

aterial K (MPa) n

40 810 0.150
t37 773 0
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Table 3
Strains and extrusion ratios of the extruded parts

Part number Initial diameter,
D0 (mm)

Extruded diameter,
De (mm)

True strain,
2 ln(D0/De)

1 30.2 15 1.40
2 27.3 15 1.20
3 23.5 15 0.90
4 19.3 15 0.50
5 17.0 15 0.25

Table 4
Average measured values of Brinell hardness at the centerline of the extruded
parts and corresponding impression diameters

Strain HB (kgf/mm2) d (mm)

C40 St37 C40 St37

0.25 205 195 4.21 4.32
0.50 230 220 3.99 4.08
0.90 250 235 3.83 3.95
1
1
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t
m

.20 260 245 3.76 3.87

.40 265 250 3.73 3.83

erline away from the edges. In order to investigate the range for
hich this formula is valid, the extrusion process was modeled
sing Marc Autoforge, and the effective strain distribution was

etermined. One may refer to Ref. [60] for the details of this
nalysis. After performing the FE simulations, the centerline
trains were observed to be equal to the value 2 ln(D0/De) away

ig. 8. Data points indicate the measured Brinell hardness (kgf/mm2). The solid
ine and dashed line show the hardness predicted by Eq. (14), together with Eq.
1), and Eq. (25), respectively.
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rom the edges. Measurements were taken in the region where
dge effects were not observed to make a valid comparison
etween the analytically predicted and measured values.

The extruded parts were cut at the mid-plane and the Brinell
ardness measurements (F/D2 = 30) were taken at the centerline
f the extruded portion. Table 4 lists the average of the mea-
ured Brinell hardness (five measurements for each extruded
pecimen), and the corresponding impression diameter. These
re the average values of 20 extruded specimens for each strain
nd material. 200 specimens were extruded totally.

The analytical models were then used to determine the
ardness at the centerline. Fig. 8 gives a comparison between
easured and predicted hardness. Again Brinell hardness is

onverted to Vickers hardness. Although the proposed equation
nderestimates the hardness, the predicted trend of the change
n hardness with effective strain conforms well to the exper-
mentally determined trend. The maximum error is less than
3%, which can be considered to be satisfactory for predicting
ardness distribution in cold forged parts.

. Discussion

Accuracy of the proposed equations is good considering that
here may be numerous sources of error. As a source of measure-

ent errors, piling-up or sinking-in around the circumference of
he impression may detract from the accuracy of optical read-
ngs. Besides, we extensively used the conversion table between
ickers and Brinell hardness. Conversion factors have limited
ccuracy. The behavior of the material in resisting indentation
ould be different for spherical and pyramidal indenters. Also,
ny inhomogeneity may cause different readings especially for
ickers hardness, which has much smaller impression than
rinell’s. On the other hand, large size of Brinell’s impression

eads to homogenization of mechanical properties. Especially, at
ocations where hardness gradient is high, Brinell hardness rep-
esents average hardness around the point at which measurement
s taken. Impression size to part size ratio in our experiments
s indicated in Table 4 is high, which might have led to over-
stimation in measured values. Besides, sometimes specimens
ere cut to take measurements in an interior region. During

utting operation, induced plastic deformation may increase the
ardness.

The source of error may also lie in the model. Stress-strain
urve of a material may not perfectly fit into a power relation as
ssumed in employing Eq. (4). Equality of “m” in Eq. (5) and “n”
f Eq. (4) was assumed in the model. However, these exponents
o not exactly have the same values. Also, the universality of α

nd β in Eq. (10), c and εe in Eq. (24) and their particular values
sed in this study were just approximations.

. Conclusions

In this study, we presented analytical models to predict Brinell

nd Vickers hardness distribution in cold formed products.
pplication of these models require only flow curve constants (κ

nd n), which can be obtained through a simple compression test,
nd effective strain distribution, which can be obtained through
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FE analysis of the cold forming process. The predictions of the
odels were compared with experimental data, and the accuracy

f these predictions was quite satisfactory.
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