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Analysis of Process-Induced Residual
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ABSTRACT: The tape placement for thermoplastic composites involves heating,
melting, and cooling steps just as do the other manufacturing processes.
Consequently, development of residual stresses is unavoidable due to disparate
thermal characteristics of matrix and fiber materials and also due to nonuniform
cooling rates. From the product quality standpoint, such as interlaminar strength,
dimensional accuracy etc., these stresses should be kept within allowable limits.
In this study, a thermoviscoelastic finite element model was developed to predict

residual stresses induced during the placement of thermoplastic composite tapes.
The process, being continuous, was considered to be under a quasi steady state
where process conditions do not change with respect to the moving roller. Relaxation
of the residual stresses in previously laid layers was also allowed for.
Results were obtained for both unidirectional and cross-ply laminates. They

show the residual stress distributions through the thickness for a number of chosen
sets of process parameters (e.g., roller velocity and heat input). Therefore, residual
stresses in a laminate can be controlled by modifying these process parameters.

KEY WORDS: thermoplastic composite laminates, APC-2, residual stresses, finite
element analysis (FEA).

INTRODUCTION

P
ROCESSING OF THERMOPLASTIC composites inevitably involves residual
stress development. Residual stresses can lead to distortion of finished

components, matrix cracking, and inter-ply delaminations [1,2]. Tensile
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stresses may even reach to a significant fraction of the tensile strength.
Therefore, to ensure reliable and satisfactory performance, residual
stresses within a composite part should be known before the part is put
into use.
Unacceptably high levels of stress may arise because of two factors. First

of all, thermal expansion behavior of fiber-reinforced thermoplastic
composites is highly anisotropic. This is due to the large discrepancy
in the thermal expansion coefficients of the matrix and fiber materials.
In a typical carbon-reinforced unidirectional thermoplastic composite, a
temperature increase induces considerable expansion of the laminate in
the transverse direction but almost none along the fiber direction. Besides,
fibers, being themselves anisotropic, contribute to this effect. The other
factor is the temperature gradients induced during the cooling process.
This is because of the fact that, when different regions of the composite
experience different temperature histories and stiffness properties of
the material vary with the temperature, deformation behavior will be
incompatible. Although elastic properties of fibers are almost unaffected
by temperature, influence of temperature on the properties of the polymer
matrix is drastic. Also high processing temperatures typical for high perfor-
mance thermoplastic composites exacerbate both the effect of temperature
gradients and the effect of anisotropic thermal expansion behavior.
The tape placement process is one of the few techniques that have the

potential to continuously process thermoplastic composites in large scale
industrial production. In the process, an incoming composite tape is bonded
to the previously laid and consolidated laminate under heat and pressure
locally applied to the interface (Figure 1). By laying additional layers in
different directions, a part with desired thickness and properties can be
fabricated. Since heat is mainly supplied to the region where the tape and the
laminate meet, the process is highly nonisothermal and, residual stresses
may become critical. The process poses a very challenging problem of
determining residual stresses for the following reason: The tape placement
is a continuous process. As such, when a new layer is being placed, the
previously laid and consolidated layers are again subjected to heating. If the
temperature of these layers exceeds the glass transition temperature,
annealing will ensue and the residual stresses developed during previous
tape placement will relax.
Most of the previous studies on the prediction of residual stresses

developed during thermoplastic composite processing concentrated on press
molding [2–12]. On the other hand, Nejhad et al. [13] proposed a model to
predict process induced stresses in filament winding. They modeled filament
winding as a transient process. Since this led to excessive computational
time, residual stresses could not be obtained within a reasonable time. As for
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the modeling of residual stresses in tape placement, the present study is, as
far as the authors know, the first of its kind.
Figure 2 shows the solution procedure used in the analysis. The thermal

and stress analyses are coupled. The temperature field generated by the
thermal analysis is used in the stress analysis to calculate thermal strains and

Figure 2. The solution procedure.

Figure 1. The thermoplastic composite tape placement process.
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shift factors. Since a different kind of mesh structure is utilized in the stress
analysis, the temperature field determined by the thermal analysis is mapped
onto the grid used in the stress analysis by a linear interpolation. In order to
account for the relaxation of residual stresses in previously laid layers,
residual stresses calculated during the placement of the last ply are used as
initial stresses for the current configuration.

HEAT TRANSFER ANALYSIS

The previously developed model for heat transfer in the tape placement
process [14] was used, but generalized to account for cross-ply lay-ups.

STRESS ANALYSIS

The residual stress model used in the present study is also an extension of
the model that was developed to predict instantaneous stress distribution
under the roller [15]. The model was generalized to account for cross-ply
lay-ups. Because the objective in this study was to determine residual
stresses after the completion of tape placement process rather than the
instantaneous stress field under the roller, the mesh structure was changed.
Instead of a mesh whose elements are concentrated under the roller, a
mesh having lengthwise uniform elements is used. A vertical shift factor was
introduced for the creep compliance. Temperature increase not only
accelerates the relaxation process but also increases long term compliance
(S1), which has considerable effect on the residual stress level. Besides, the
original finite element formulation was modified to account for the residual
stresses developed during the placement of the previous layers.

Formulation of the Problem

ASSUMPTIONS
Fabrication of 3D structures having smooth surfaces is possible in the

tape placement process. Tapes can be placed even on nongeodesic paths.
But, in this study a basic geometry was chosen to simplify the analysis and
interpretation of its results. Specifically, the laminate was assumed to be flat
with a unidirectional or a cross-ply lay-up. Although, in practice, the roller
should be narrow to accommodate curved contours, it was assumed to be
as wide as the laminate itself in the present study, so that a state of plane
strain could be used (Figure 3). The effect of crystallization on residual
stress development was assumed to be negligible as some previous studies
[6,12] had found it to be. The roller was assumed to move with a constant
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velocity vx. A steady state was thus assumed to exist within the Eulerian
control volume moving with the roller away from an edge.

CONSTITUTIVE RELATIONS
In the analysis, linear constitutive relations were used. Displacement

gradients ui, j are much smaller than unity. In several studies [3,6], curvature
of unbalanced APC-2 laminates was used as a measure of residual stresses
during thermal processing. From these studies, it may be concluded that a
significant portion of the residual stresses builds up between just above the
glass transition temperature (Tg) and the room temperature. Time dependent
response of the material was reported to be dominated by the viscoelastic
process close to Tg [16]. Nonlinear and viscoplastic effects can therefore be
neglected without compromising the accuracy of the results.
For a continuous unidirectional fiber-reinforced composite having a

viscoelastic matrix, the creep compliances S11 and S12 can be taken to be
independent of time and temperature [16,17], where ‘‘1’’ denotes the fiber
direction and ‘‘2’’ denotes the transverse direction. The plane of the
transverse isotropy is 2–3 plane, and the roller moves in the x direction.
The constitutive relations appropriate for this case are expressed as [18–20]

"xðtÞ � "x*ðtÞ ¼ S11�xðtÞ þ S12�yðtÞ þ S12�zðtÞ

"yðtÞ � "y*ðtÞ ¼ S12�xðtÞ þ

Z t

0

V22ð�ÞS22ð� � �0Þ
@�yð�Þ

@�
d�

þ

Z t

0

V23ð�ÞS23ð� � �0Þ
@�zð�Þ

@�
d�

2"xyðtÞ ¼

Z t

0

V66ð�ÞS66ð� � �0Þ
@�xyð�Þ

@�
d�

ð1Þ

Figure 3. Analyzed configuration of the process.
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where "x*ðtÞ and "y*ðtÞ are the thermal strains. Note that a state of plane strain
with "z ¼ 0 is assumed. Since the thermal expansion coefficients, �i, are
temperature dependent, they are given by

"i*ðtÞ ¼

Z Tf

To

�iðTÞ dT ð2Þ

The symbols � and �0 are the pseudo times, which represent the dependence
of the creep compliance on temperature. They are given by

� ¼

Z t

0

a Tð�Þ½ 	 d� and �0 ¼

Z �

0

a Tð�Þ½ 	 d� ð3Þ

a(T ) is the horizontal shift factor required to shift the modulus–time
curve at temperature T to the one at the base temperature Tbase. When T is
less than Tbase, a(T ) is smaller than 1, and vice versa. This means that
accelerated viscoelastic processes within the material at a higher temperature
are reflected in a faster elapse of time. V(T ) is the vertical shift factor
introduced to account for the increase in long term creep compliance S(1)
with the increasing in temperature.
When the roller moves normal to the fibers, the resulting constitutive

relations are

"xðtÞ � "x*ðtÞ ¼

Z t

0

V22ðTÞS22ð� � �0Þ
@�xð�Þ

@�
d�

þ

Z t

0

V23ðTÞS23ð� � �0Þ
@�yð�Þ

@�
d� þ S12�zðtÞ

"yðtÞ � "y*ðtÞ ¼

Z t

0

V23ðTÞS23ð� � �0Þ
@�xð�Þ

@�
d�

þ

Z t

0

V22ðTÞS22ð� � �0Þ
@�yð�Þ

@�
d� þ S12�zðtÞ

2"xyðtÞ ¼

Z t

0

½S22ð� � �0Þ � S23ð� � �0Þ	
d�xyð�Þ

d�
d� ð4Þ

BOUNDARY CONDITIONS
The laminate rests on a rigid mold. Therefore, at the bottom surface, the

following boundary condition is met:

uy ¼ 0 ð5Þ
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At the left side of the control volume, the initial stress (�x) is equal to the
residual stress developed during the placement of the previous ply:

�xðx, yÞ
��
x¼0

¼ �i�1ð yÞ ð6Þ

The control volume is sufficiently large so that the stress gradients are
zero at the right and left sides:

@�

@x
¼ 0 ð7Þ

This condition can be achieved, only if the temperature gradients are also
equal to zero. This means the control volume should be taken so large that
the temperature at the right edge is the same as the ambient temperature.
With the condition of constant temperature, stresses also remain constant.
Therefore, the stress state at the right edge of the control volume represents
residual stresses.
Because we assume linear constitutive relations, namely a relation which

is independent of the level of stress, the force applied by the roller on the
laminate is not included in the analysis. The roller induces instantaneous
stresses which quickly decay to zero as soon as the roller passes. Therefore,
we assume that the roller force has no effect on the development of residual
stresses.

Finite Element Solution of the Problem

Since the roller moves with a constant velocity, we use the assumption of
a quasi-steady state neglecting the inertia effect. Of course, such assumption
does not hold true near the edges of the part. Thus, the results of the present
analysis are valid away from the edges.
The quasi-steady state assumption permits the use of a control volume

which moves with the roller. The control volume is taken as stationary and
the material body moves through the control volume. The control volume to
be analyzed is divided into eight-degrees-of-freedom rectangular elements as
shown in Figure 4. The material body thus moves through the control
volume to the right.
The strain in a finite element is a linear function of the eight nodal

displacements [21]:

f"gr ¼ ½A	rf�gr ð8Þ

where [A]r is a 3� 8 matrix whose elements depend only on the nodal
displacements of the element r, {�}r.
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Consider the material element which occupies the control volume element
n at time tn. We note that this material element was at the control volume
element 1 at time t1, at the control volume element 2 at time t2, etc., Figure 4.
The viscoelastic memory dependence of this material element implies that
the stress state in the control volume element n at tn be determined by the
strains in all elements 1, 2, . . . , ( n� 1) which the material element passed
through previously [22,23]. Thus, the stress components in the finite element
n can be found by converting the convolution integrals in Equation (1) into
a summation of series and reducing the relation to the following form
(Appendix A):

�n
x

�n
y

�n
xy

8><
>:

9>=
>; ¼

Xn
r¼1

cnr11 cnr12 0

cnr12 cnr22 0

0 0 cnr66

2
4

3
5 "rx � "x*

r
þ "0x

"ry � "y*
r
þ "0y

2"rxy

8><
>:

9>=
>; ð9Þ

or

f�gn ¼
Xn
r¼1

½C	nrf"gr �
Xn
r¼1

½C	nrf"*gr þ
Xn
r¼1

½C	nrf"0g ð10Þ

where f"*gr is the thermal strain vector [15] whose elements depend only on
the nodal temperatures of the element r, and f"og is the initial strain vector
representing residual stresses developed during the placement of previous
layers.
Combining Equations (8) and (10), we obtain

f�gn ¼
Xn
r¼1

½C	nr½A	rf�gr �
Xn
r¼1

½C	nrf"*gr þ
Xn
r¼1

½C	nrf"0g ð11Þ

The virtual work principle requires that

f�gTn fFgn ¼

Z
Vn

f"gTn f�gndVn ð12Þ

Figure 4. Mesh structure used in the stress analysis. Horizontal and vertical dimensions are
not to scale.
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where {F}n is the vector of forces acting at the nodal points of the element n,
and Vn is its volume. Substituting Equations (8) and (11) into Equation (12)
yields

f�gTn fFgn ¼

Z
Vn

f�gTn ½A	
T
n

Xn
r¼1

½C	nr½A	rf�gr �
Xn
r¼1

½C	nrf"*gr þ
Xn
r¼1

½C	nrf"0g

" #
dVn

ð13Þ

Therefore,

fFgn ¼

Z
Vn

Xn
r¼1

½A	Tn ½C	nr½A	rf�gr dVn �

Z
Vn

Xn
r¼1

½A	Tn ½C	nrf"*gr dVn

þ

Z
Vn

Xn
r¼1

½A	Tn ½C	nrf"0g dVn ð14Þ

or,

fFgn ¼
Xn
r¼1

½K 	nrf�gr þ
Xn
r¼1

fHgnr þ
Xn
r¼1

fH0g ð15Þ

Here [K ]nr is the effective element stiffness matrix, {H }nr is the effective
thermal force vector, and {H0} is the effective initial force vector.
Components of the element stiffness matrix and the thermal force vector

are given in [24]. By following the procedure in [15], the global stiffness
equation for the entire control volume can be obtained from the element
stiffness equations (Equation (15)), and solved to determine the stress field
within the control volume. The stress state of the material exiting the control
volume can then be taken to be the same as the residual stress developed
after the placement of the layer.

RESULTS AND DISCUSSIONS

A computer code was developed following the aforementioned solution
procedure and the effects of the processing parameters such as roller speed
on the residual stress distribution within the laminate were investigated. The
processed material was chosen to be APC-2.

Inputs for the FEM Code

Most of the inputs for the heat transfer and stress analysis were given in
[14,15]. Xiao [16] provided the data regarding the creep compliances and the
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shift factors. Vertical shift factors reported by Xiao [16] were extrapolated,
as was done in [7,25] (Table 1).
Barnes et al. [26,27] characterized the anisotropic thermal expansion

behavior of APC-2. Jeronimidis and Parkyn [3] determined the stress free
temperature by heating up unbalanced laminates and observing the
temperature at which they became flat. They found it to be 310C.
Another study [6] found the stress free temperature to be 280C. However,
the residual stress model was observed to be not very sensitive to the value
of stress free temperature. The results did not show appreciable differences
between the two values of stress free temperature. In the present study,
therefore, the base temperature, Tbase, was taken to be 280C and the effect
of thermal expansion on residual stress development was neglected above
this temperature by taking thermal expansion coefficients as zero.
In order to ensure convergence, the length of the control volume was

chosen to be 4m, and the finite element mesh to be 120� 24.

Verification

Due to the lack of experimental data on the tape placement process, our
model was verified using the results of the press molding process. The
numerical results were compared with experimental data for two cases. One
is a unidirectional laminate, [040], processed at 35C/s surface cooling rate,
and the other a cross-ply laminate, [010/9010]s processes at 0.25

C/s surface
cooling rate. As seen in Figures 5 and 6, the residual stress model agrees
quite well with the experimental data. Because the modified version of the
residual stress model for press molding was verified, we assumed that
predictions of the residual stress model developed for tape placement were
reliable.

The Effect of Process Variables

The thermomechanical history determines the resulting residual stress in a
viscoelastic material. Therefore, in the present study we chose the process
variables that influence temperature distribution and examined their effects

Table 1. Vertical shift factors for APC-2.

Temperature
(C)

Vertical Shift
Factor (log V )

40 �0.025
129.4 þ0.0031
200 þ0.21
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on residual stress. Figure 7 shows the process variables under consideration.
The default values are 16mm/s for roller velocity (vx), 1.0 for the ratio of
heated substrate length to heated tape length (�¼ hls/hl ). The hot gas
temperature is taken as 600C. The results show the maximum tensile
residual stress at the end of 16-ply lay-up, [04/904]s.
Preheating the laminate to a certain temperature before placing the tape is

a usual practice to help bonding. If the preheating temperature is increased,
the temperature difference between the heated zone and the remaining region

Figure 6. Normal stress distribution within a cross-ply laminate, [010/9010]s, processed by
press molding at a 0.25C/s surface cooling rate. Experimental data were obtained by a layer
removal technique [11].

Figure 5. Transverse normal residual stress distribution within a 40 ply APC-2 unidirectional
laminate, [040]T, processed by press molding at a 35C/s surface cooling rate. Experimental
data were obtained by a layer removal technique [28].
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becomes smaller, and the material cools more slowly [14]. Consequently
residual stresses decrease as Figure 8 indicates.
Figure 9 shows increasing roller velocity leading to a higher level of

residual stress. This is because, at high speeds, only regions close to the
heated surface are raised to high temperatures [14]. Localized heating causes
higher temperature gradients, and thus higher residual stresses.
As our previous study [14] showed, the lengths of the heated surfaces on

the tape and substrate significantly affect the temperature distribution. The
effect of larger heated lengths is similar to the effect of preheating the
substrate in slowing down the cooling rate. In contrast, a small heated
length results in a highly localized heated zone and thus higher residual
stresses as suggested by Figure 10.
In the above results, both the tape and the substrate were heated equally.

Supplying more heat to the substrate by increasing the surface exposed to
hot gas was found to result in a more uniform temperature distribution [14].

Figure 8. The effect of preheat temperature on the maximum tensile stress, �x.

Figure 7. Process variables of tape placement.
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Figure 11 indeed shows that increasing the ratio of heated substrate length
to heated tape length reduces the maximum tensile residual stress. In these
runs, the heated length on tape was kept constant at 1.5 cm while the heated
length on substrate was increased from 1.5 to 4.5 cm, then to 7.5 cm, and
finally to 10.5 cm.
Figure 12 shows residual stress (�xx) distribution through the thickness of

a cross-ply laminate, [04/904]s. Ply numbers 1 and 16 indicate the top and
bottom layers, respectively. The distribution is uneven through the thickness
of the laminate. Compressive stresses develop in the top and bottom 4 plies

Figure 9. The effect of roller velocity on the maximum tensile stress, �x.

Figure 10. The effect of heated length on the maximum tensile stresses.
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while tensile stresses develop in the middle 8 plies. These stresses are high
enough to cause undesirable distortions in the laminate. The tensile stresses
occurring in the middle plies are high enough to cause matrix cracking.

CONCLUSIONS

A residual stress analysis was carried out for the tape placement process,
and the effects of process parameters on residual stress distributions were

Figure 12. Residual stress (�xx ) distribution through the thickness of a 16 ply cross-ply
laminate.

Figure 11. The effect of heated length ratio on the maximum tensile stress.
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investigated through a parametric study. The process parameters that affect
the temperature distribution were found to affect the residual stresses. Any
changes in process parameters leading to a more localized temperature
distribution lead to higher residual stresses. The chosen sets of process
parameters resulted in quite high residual stresses, much higher than the
levels encountered in press molding.
Residual stresses accumulate gradually during successive lay-down of

layers, they may reach excessively high levels especially in thick laminates.
Furthermore, unsymmetrical distribution of residual stresses can lead to the
distortion of finished products. Thus, process parameters should be opti-
mized to minimize residual stresses and, at the same time, reduce the uneven
distribution. This can be achieved by combining the present process model
with an optimization algorithm. Otherwise, post-processing may be needed.
In the present investigation we only examined the effects of process

parameters on residual stresses. We have not considered other criteria for
product quality such as consolidation, crystallinity or degradation. A full
optimization of process parameters should include these other quality
criteria as well.
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APPENDIX A

Numerical Integration of the Constitutive Equations

Rewriting constitutive equation for shear strain given in Equation (1),
we have

2"xyðtÞ ¼

Z t

0

V66ðTð�ÞÞS66ð�ðtÞ � �0ð�ÞÞ
@�xyð�Þ

@�
d� ðA:1Þ

where pseudo-time, �, is related to the real time by

� ¼

Z t

0

a½Tðxi, �Þ d� ðA:2Þ

where a(T ) is the horizontal shift factor. The above integral can easily be
calculated numerically.
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Applying integration by parts to Equation (A.1), one obtains

2"xyðtÞ ¼ �xyð�ÞV66ðTð�ÞÞS66ð�ðtÞ � �0ð�ÞÞ
��t
0

�

Z t

0

�xyð�Þ
@½V66ðTð�ÞÞS66ð�ðtÞ � �0ð�ÞÞ	

@�
d�

ðA:3Þ

then,

2"xyðtÞ ¼ �xyðtÞV66ðVðtÞÞS66ð0Þ � �xyð0ÞVðTð0ÞÞS66ð�ðtÞÞ

�

Z t

0

�xyð�Þ
@½V66ðTð�ÞÞS66ð�ðtÞ � �0ð�ÞÞ	

@�
d�

ðA:4Þ

where the second term represents the initial stress.
Equation (A.4) can be integrated using finite differences in time. Consider

incremental times ti or �i(ti) (i¼ 1, 2, . . . , r, . . . , n), where tr is the time at
which the material is in the control volume element r (Figure 4), (t1¼ 0 and
tn¼ t). Utilizing the second mean value theorem, we can express the strain in
the control volume element n as

2"xyðtnÞ ¼ �xyðtnÞV66ðTnÞS66ð0Þ � �xyðt1ÞV66ðT1ÞS66ð�ðtnÞÞ

�
1

2

Xn�1
r¼1

�xyðtrþ1Þ þ �xyðtrÞ
� �

� V66ðTrþ1ÞS66ð�n � �rþ1Þ � V66ðTrÞS66ð�n � �rÞ½ 	 ðA:5Þ

Thus Equation (1) can be reduced to the following form:

"xðtnÞ

"yðtnÞ

2"xyðtnÞ

8><
>:

9>=
>;¼

Xn
r¼1

dnr
11 dnr

12 0

dnr
12 dnr

22 0

0 0 dnr
66

2
64

3
75

�xðtrÞ

�yðtrÞ

�xyðtrÞ

8><
>:

9>=
>;þ

"x*ðtnÞ

"y*ðtnÞ

0

8><
>:

9>=
>;�

"0x

"0y

2"0xy

8>><
>>:

9>>=
>>; ðA:6Þ

or

f"gn ¼
Xn
r¼1

½D	nrf�gr þ f"*gn � f"0g

where

dnr
11 ¼

0 r 6¼ n
S11 r ¼ n

�
ðA:7Þ
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dnr
12 ¼

0 r 6¼ n
S12 r ¼ n

�
ðA:8Þ

dnr
22 ¼

�1
2fV22ðT1ÞS22ð�nÞ þ V22ðT2ÞS22ð�n � �2Þg r ¼ 1, n 6¼ 1

1
2fV22ðTr�1ÞS22ð�n � �r�1Þ � V22ðTrþ1ÞS22ð�n � �rþ1Þg 1 < r < n

V22ðT1ÞS22ð�1Þ r ¼ n ¼ 1

1
2fV22ðTn�1ÞS22ð�1Þ þ V22ðTnÞS22ð�n � �n�1Þg r ¼ n 6¼ 1

8>>>>><
>>>>>:

ðA:9Þ

dnr
66 ¼

�1
2fV66ðT1ÞS66ð�nÞ þ V66ðT2ÞS66ð�n � �2Þg r ¼ 1, n 6¼ 1

1
2fV66ðTr�1ÞS66ð�n � �r�1Þ � V66ðTrþ1ÞS66ð�n � �rþ1Þg 1 < r < n

V66ðT1ÞS66ð�1Þ r ¼ n ¼ 1

1
2fV66ðTn�1ÞS66ð�1Þ þ V66ðTnÞS66ð�n � �n�1Þg r ¼ n 6¼ 1

8>>>>><
>>>>>:

ðA:10Þ

Here, 1 is the fiber direction, and 2 and 3 are the transverse directions.
Initial strains are related to initial stresses by

"0x
"0y

2"0xy

8><
>:

9>=
>;¼

S11ð0Þ S12ð0Þ 0

S12ð0Þ V22ðT1ÞS22ð�ðtnÞÞ 0

0 0 V66ðT1ÞS66ð�ðtnÞÞ

2
64

3
75

�0x
�0y

2�0xy

8><
>:

9>=
>; ðA:11Þ

Strain–stress relations given by Equations (A.6) and (A.11) in numerical
form are valid for plane stress. But in our model, we assumed plane-strain
state. For plane strain, when the directions of roller movement, x, and the
fiber direction, 1, coincide, (A.6) becomes

"xðtnÞ

"yðtnÞ

2"xyðtnÞ

8>><
>>:

9>>=
>>; ¼

Xn
r�1

dnr
11 � ðdnr

12Þ
2=dnr

12 dnr
12 � dnr

12 d
nr
23=d

nr
22 0

dnr
12 � dnr

12 d
nr
23=d

nr
22 dnr

22 � ðdnr
23Þ

2=dnr
22 0

0 0 dnr
66

2
664

3
775

�xðtrÞ

�yðtrÞ

�xyðtrÞ

8>><
>>:

9>>=
>>;

þ

"x*ðtnÞ

"y*ðtnÞ

0

8>><
>>:

9>>=
>>;�

"0x

"0y

2"0xy

8>><
>>:

9>>=
>>; ðA:12Þ
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Assuming that the Poisson’s ratio in the isotropic plane, �23, is
independent of time and temperature, S23(t) is given by

S23ðtÞ ¼ ��23S22ðtÞ ðA:13Þ

Also, the following values should be used for thermal expansion
coefficients:

�xx ¼ �11 þ �31�33

�yy ¼ �22 þ �32�33
ðA:14Þ

For transversely isotropic laminates �33¼ �22, �32¼ �23 and �31¼ �21.
When the roller movement is transverse to the fiber direction for a given

ply, strain–stress relations for plane strain state become

"xðtnÞ

"yðtnÞ

2"xyðtnÞ

8>>><
>>>:

9>>>=
>>>;
¼
Xn
r¼1

dnr
22�ðdnr

12Þ
2=dnr

11 ��23d
nr
22�ðdnr

12Þ
2=dnr

11 0

��23d
nr
22�ðdnr

12Þ
2=dnr

11 dnr
22�ðdnr

12Þ
2=dnr

11 0

0 0 2ð1þ�23Þd
nr
22

2
6664

3
7775

�

�xðtrÞ

�yðtrÞ

�xyðtrÞ

8>>><
>>>:

9>>>=
>>>;
þ

"x*ðtnÞ

"y*ðtnÞ

0

8>>><
>>>:

9>>>=
>>>;
�

"0x

"0y

2"0xy

8>>><
>>>:

9>>>=
>>>;

ðA:15Þ

and thermal expansion coefficients are

�xx ¼ �yy ¼ �22 þ �12�11 ðA:16Þ

Equation (A.12) or (A.15) can be converted to Equation (9), where stress
is a dependent variable, by following the procedure described in [15].
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