Ordinary Differential Equations

Initial Value Problem (1VP)
y'=f(xy,y) x>0 with y(0)=y,,y'(0)=Y,
Boundary Value Problem (BVP)

y'=f(xy,y) a<x<b with y@)=y,,yb)=y,

Initial Value Problem,1st order
y'=fty t>0 with y0)=y,

_yt+h) -y

forward difference approximation of y' = -
= y(t+h)=y®)+hi(ty)

Seek for solutionin t, <t<t, with

t =t,+ih i=0,1...M
tn _tO

t,—t=h and h=

=Y., =Y, +hf(t,y,) Eulerapproximation




Example
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As /1 gets smaller we approach the exact solution.

Geometric interpretation of Euler’s
Method

\ True value

S y,» Predicted

value

Yo

-~ Step size, h R ——




’ t -
y'=-2% y)=1
Find vy(t) for 0<t<3 with h=1

Yia =Yt hf (ti: yi)= Yi + L

S

Figure 9.5 Euler’s approximations
Ye—1 = Vi + hf (e, ).

Geometric Description

If you start at the point (#y, yo) and compute the value of the slope my = f(fg, yo)
and move horizontally the amount & and vertically (1, yg), then you are moving
along the tangent line to y(f) and will end up at the point (t1, v1) (see Figure 9.5).
Notice that (11, y1) is not on the desired solution curve! But this is the approximation
that we are generating. Hence we must use (f1, y;) as though it were correct and
proceed by computing the slope my = f(f}, ;) and using it to obtain the next vertical
displacement fif (¢}, y;) to locate (ty, y2), and so on.
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f—v
=y on [0,3] with v{0) = 1.

2
|

Compare solutions for i = 1, % 3. and %

4+F

Example 9.4.  Use Euler’s method to solve the LV.P.

Table 9.2 Comparison of Euler Solutions with Different Step Sizes for y' = (t — y),/2

aver [0, 3] with v(0) = 1

Yk
i h=1 h= % h= % h= é V() Exact

0 1.0 1.0 1.0 1.0 1.0

0.125 0.9375 0.943239
0.25 0.875 0.886719 0.897491
0.375 0.846924 0.862087
0.50 0.75 0.796875 0.817429 0.836402
0.75 0.739766 0.786802 0.811868
1.00 0.5 0.6875 0.758545 0.790158 0.819592
1.50 0.765625 0.846386 0.882855 0.917100
2.00 0.75 0.949219 1.030827 1.068222 1.103638
250 1.211914 1.289227 1.325176 1.359514
3.00 1.375 1.533936 1.604252 1.637429 1.669390

2.5

t

Figure 9.6 Comparison of Euler solutions with different
step sizes for ¥ = (t — y)/2 over [0, 3] with the initial
condition v(0) = 1.




Error In Euler

n 2
volcg Wi — i)~
y(t) = y(t) + ¥'(f0)(t — o) + B —

V'(ta) = f(ro, ¥(to)) and h = 11 — to

h?
y(ty) = y(to) + hf(ta, y(to)) + ¥"(c1) =

vi = vo + hf (to, o), Euler approximation
" h— . . .
yie ) = —>  Local discretization error

M 7 2 i

o P o R M, b—a)y®(c
Z_\-‘“"{c‘k]% A M_\-“"’(c]% = ?T_\-‘“’{c‘)h = Mh = oY
k=1 - < < -

—> Global discretization error
Final global error: E (y(b). h) = |v(b) — yy| = O(h).

Example 9.5.  Compare the EG.E. when Euler's method is used to solve the LV.P.

;=Y .
Yo=—— over [0.3] with y(0O) =1,

using step sizes 1, % 5006 é

Table 9.3 Relation between Step Size and F.G.E. for Euler Selutions to
v =t — v)/2 over [0, 3] with y(0) = 1

F.G.E. Oih) 7= Ch
Step Number of Approximation Erroratt = 3, where
size, fi steps, M o y(3), yir y3) —ym C =0.256
1 3 1.375 0.204300 0.256
% 6 1.533936 0.135454 0.128
% 12 1.604252 0.065138 0.064
% 24 1.637429 0.031961 0.032
+ 48 1.653557 0.015833 0.016
3{5 96 1661510 0.007880 0.008
é 192 1.665459 0.003931 0.004




How to improve accuracy of Euler's Method?
Consider Taylor series

2 3

! h 14 h "
YO ) = YOO + '+ -y + -y ") .
and compute the derivatives as

YO =f
YO =fi+ iy =it hf

2 3

h h®
y(X+h) = y(X)+hf +7(fX + ffy)+§y (n)

hz I h3 (3) h4 (4].
fle+h)=f0x) +hf'(x) +- @ 7

2 6 24

For Taylor’'s formula of order NV
Local discretization error = O (A+1)

Global discretization error = O (#Y)

+ + .




Example 9.8.  Use the Taylor method of order N = 4 to solve y' = (t — v)/2 on [0, 3]

with y(0) = 1. Compare solutions for it = 1, Lz__ % and é
h? h? h*
y(x+h)=y(x)+hy' + —y@ + —y@ 4 —y®
2 3! 4!
Hn="22
Vvity= .
o 2
; d {t—y 1=y 1=(t=v)/2 2—t+y
‘,(a){r}zf( -): Y _ Wiz _ -I-,~
' dar\ 2 2 2 4
d 2—t+vy O0—-14+v —=14{-v)/2 =2+1-v
,‘,(3)“}=T( -I-_): ty A E-w2 24 y
: dt 4 4 4 3
d {-241-v —0+1-y" 1—=it=v)/2 2-t+4vy
\'(4){r}=f( ! '\)z LN bl L S i
' dt 8 8 8 16

Table 9.6 Comparison of the Taylor Solutions of Order N = 4 for ' = (1 — ) /2
over [0, 3] with y(0) = 1

Yk

1 h=1 h= % h= % h= % yifg) Exact
1] 1.0 1.4 1.4 1.0 1.0
0.125 (1.9432392 0.9432392
0.25 0.8974915 (1. 8974908 0.8974917
0.375 (18620874 0.8620874
.50 0.8364258 08364037 (18364024 0.8364023
0.75 08118696 08118679 0.8118678
1.00 0.8203125 0.8196285 08195940 0.8195921 0.8195920
1.50 0.9171423 09171021 {1.9170998 0.9170997
2.00 1.1045125 1.1036826 1.1036408 11036385 1.1036383
250 1.3595575 135395168 13595145 1.3595144
3.00 16701860 16694308 16693928 1 6693906 16693905

Final global error:  £(v3),h) = v(3) - vy = 0(h*) ~ Ch*,




Taylor's method is cumbersome from numerical point of view since higher
derivatives need to be calculated.
Alternative way to improve accuracy is to use several function evaluations:
V(1) = fir, (1)) over [a,b] with y(tn) = yo.
integrate y'(1) over [tg, 1] to get

I T
f]f{r.}'(!)}dr =f ]J?"(f}df = yit1} — ¥(tp).
In i

Iy
solved for y(r) y(t1) = yito) +f flt, y(a))dt.
I

If the trapezoidal rule is used with the step size b = 1 — fp,

h .
y(t1) = y(t) + E(f{f-u: yito)) + fl. ¥,

Euler:s solution ¥t = ylto) + hfirg, y(t))

h
i =y (o) + 2 (flto yo) + S U1, yo + hf o, o))

h
y1 =y + EU (tg, yo) + f(t1. yo + hf(to, Y0))) Heun’s method.

slope atthe  gjgpe at the end
beginning of of step
step
¥ Pt = Ye +hf (e W)y =1+ h,
PROwS _ P::,,,_ . N
) - . (’1:}‘]1 bl T A d 2\.0’ Wb RS T 0 NRLy Pl A4
I a—— N
(g Vo) ==
| © y =1
I
| G ) =fit, (8
= — : !
(a} Derivative predictor: (b) Integral corrector:
Py = Yo+ Bfltg vg) ' ¥1=Yo= %{fg + fi)

ke
2z
Local DE -y ){Ck}ﬁ- Global DE z}{ J(-:*‘r— - --=-2—y{2J(c)h2 = 0.




Modified Euler Method
(use two slopes sequentially)

y(t +h) =y} + hf (; + ;—i ¥+ %f'lhﬂ)

Runge-Kutta Method :
accuracy of Taylor N=4, no high derivatives,
several function evaluations

Vigl = W + wiky + waky + waks + wyky,

where k|, k2, ki, and &4 have the form

ky =R, ve).

ky = hf(ix +arh, vi + k),

ks = hf iy + azh, vi + baky + b3ka).

ky = R +azh, v + baky + bska + beks).

Find a, & by matching the Runge-Kutta method to N=4 Taylor method.
This results in 11 equations for 13 unknowns.

2 of @&, b are selected and the rest are solved in terms of the selected ones.




the standard Ru ngé-Kulta .methﬂu:l of order N = 4,

AL+ 202+ 2f+ f0)
- :

Vil = Y& +
where
1= f(te, i),

_ fi i h
= f(u—+§._\-k +§f1)'

i i h
f3=f(Fk+E-}k+§f2).
Ja= [+ h,ye +hf3).

f
(8) y(i) — y(tg) = f Fl. y(n)dr.
fo

If Simpson’s rule is applied with step size fi/2, the approximation to the integral
in (8) is

i h
(9) f J, y())de =~ E{f(-fo- V) + 4 f it 0, v+ g, ¥y,
1]

where f1/2 is the midpoint of the interval. Three function values are needed: hence we
make the obvious choice f(fg. v (fg)) = f1 and f(f, ¥(i1)) = fa. For the value in the
middle we chose the average of f2 and f3:

Fliya ity = #

These values are substituted into (9), which is used in equation (8) to get vj:

I 44 )
(10 .\‘1=_\‘n+gr(f1+¥+f4)-

10
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y=v(1 (). v )

my=f

L L L t
fy Hin U] Ty i h

(a) Predicted slopes m; to the (b} Integral approximation:
solution curve y = y(f) i) =¥y = %':f] + 26+ 2+ 1)
Figure 9.9 The graphs v = y(f) and 7 = f(t, ¥(t)) in the discussion of the Runge-Kutta
method of order N =4.
error in Simpson ~ O (/P);
accumulated error in Runge-Kutta after M steps ~ O (#?)

Example 9.11.  Compare the F.G.E. when the RK4 method 1s used to solve y" = (r —y) /2
over [0, 3] with y(0) = 1 using step sizes 1, %_. -IT-' and §l.

Table 9.8  Comparison of the RK4 Solutions with Different Step Sizes for y' = (f — y)/2
over [0, 3] with y(0) = 1

Yk
tx h= h= '; h= _JT h= % ¥(tg) Exact
Lo 1.0 L0 1.0 1.0
0.9432392 0.9432392
0.8974915 0.8974908 0.8974917
0.8620874 0.8620874
0.8364258 0.2364037 0.8364024 0.3364023
0.2118696 0.8118679 08118678
0.8203125 0.8196285 0.8195940 0.8195921 0.8195920
1.50 0.9171423 0.9171021 0.9170998 0.9170997
2.00 11045125 1.1036826 1.1036408 1.1036385 1.1036383
2.50 1.3595575 1.3595168 1.3595145 1.3595144
3.00 16701860 1.6694308 1.6693928 16693006 1.6693905

Table 9.9  Relation between Step Size and FG.E. for the RK4 Solutions to
¥ = (t — y)/2 over [0, 3] with y(0) = |

EGE. Oty = Ot
Step Number of Approximation Errorat t X where
size, fi steps, M to ¥(3). yar v(3) — vy C=—-0.000614
1 3 16701860 —0.0007955 —0.0006140
% 6 1.6694308 —0.0000403 —0.0000384
% 12 1.6693928 —0.0000023 —0.0000024
o 14 1.6693906 —0.0000001 —0.0000001
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Remark:

Vitl = Wi + wiky + woky + waks + wyky,

ky = hftg, v,

ka = hf{ +aih, vi + b1k},

ks = hf{te +axh, vi + b2k + b3ka).

ky = hfin +aszh, v + bak) + bsko + bgks).

For k,,k;,k,=0 we recover Euler's method

Runge-Kutta Methods of Order N =2

vit +h)=v{t) + Ahfo+ Bhfi,
fo=fit,v).
fi=ft+ Ph, v+ Qhfo).

let N=F,y)+ Phf(, y) + Qhfy(t, v fit, v) + Cp!rz 4+

— YU =v@) 4 (A+ Bf(,v)+ BPh f,(1, )
+ BOI fy(t, W f(t,¥) + BCPI® + - - .

Find A, B, P, Q by matching the Runge-Kutta method to N=2 Taylor method:
1 4 ,
Yt +h) = y(@&) +hy'(0) + B () + Cph + -+,

e ;
Vi(ry= fir,y). T o . .
' R } VI = filt, ¥) 4 fylt, W) F(, ¥

Y = filt, ¥) + fr(t. .
. ) b
v+ =y +hfi v+ ;h Tt v)

1,
+5h ) +Crid -

12



hfit, vy ={(A+ B)hf(t, v) impliesthat 1 = A+ B,

1 . 1
E;ﬁf,(r. ¥) = BPhf,(t,¥) implies that = = BP,

1 : 1
S L ) F(1y) = BOR* fy(1, ) f(t1,y)  implies that ;=150
Hence, if we require that A, B, F, and ( satisty the relations

A+ B=1 BP = BQ =

1| —
b | =

We need to select one of A,B,Por Q

vit +h)y = v(r) + Ahfo + Bhj,

Jo= fit, y)
Ni=fu+FPh y+ Chfo).

Case (i): Choose A = % This choice leads to B = %, P=1and Q=1.1f
equation (21} is written with these parameters, the formula is

h
(26) ¥t +h)y=yir) + E(ﬂf. Vit fa+hy+hf,y)).

When this scheme is used to generate {{f;, vz )}. the result is Heun’s method.
Case (i) Choose A = 0. This choice leadsto B = 1, P = %, and Q =
equation (21) is written with these parameters, the formula is

If

b=

hod
@7 V(t +h) = v() + hf (r Tt S, _\r)) .

When this scheme is used to generate {(1;, vi)}. it is called the modified Euler-Cauchy
method.

13



Sytem of ODEs

dx

—=f{!,x,_}'j () = x
gi with Ern; o
y ¥(ta) = yp.
— =g, x,

7 glt, x, y)

Seek for solutionin t, <t<t, with
t =t,+kh k=0,1,..,M

tn _tO
M

t., —t,=h and h=

Euler’'s approximation

et = g + A,
Xp41 = Xk + Bf (0, Xk, Yi),

¥r41 = ¥ -I-'hgr;!k.,xk,}]:l for k=ﬂ'. ], ey M—-1

Runge-Kutta method of order=4 (RK4)

h
Xpp1 =Xk + a{fl +2f2 425+ fa).
h
Y+l = Yk + 3(31 +2g2 + 253 + £4).
where

f1= e, xe, v, g1 = glte, Tx. Ye),

h h I h h h
flﬁf(";.-+5,3‘-k'i-ifh}'k-‘-igt  B2=§ f&+i--\'*—-ﬁfl-.!’-‘r+§§1 .

Kk h I OO P
f3=f(fk+§.x&+5fz1yx+§gz c BEglutsntshntan)

2
fa=fie+hxg+hfs ve + hgs), g4 =g+ h,xx + hfs, v+ hga).

14



Higher order ODEs

¥'() = Flt,x(0),x'(0))  with x(t0) = xo and x'(t) = yo.

Reduce the ODE to a system of lower order ODEs

x'(6) = y(). - @ =yw
dx
4 ° . [ &) = o,
g with i (to) = ¥
¥} = Y-
d—f = f{t,x,¥)

Example 9.16. Consider the second-order initial value problem

0+ 42"+ 5x(1) =0 with x(0) =3 and x'{0) = —5.

(a) The differential equation has the form

20 = f, (0, (1) = =4x"(1) - 5x(1).

(b) Using the substitution in (10), we get the reformulated problem:

dx

= =7 N=3
jr with *0) =3,
9 o sty 0 ==

15



Table 9.14  Runge-Kutta Solution to x" {1} + 4x'(1) + 5x(1) = 0 with
the Initial Conditions x(0) = 3 and 2" () = =3

k 1y X x(tg)
] 0.0 3. 00000000 | 300000000
1 0.1 2.52564583 2.52565822
2 0z 2.10402783 210404686
3 0.3 1.7350626% 1.73508427
4 0.4 1.41653369 1.41655509
3 | 0.5 114488509 1.14490455
19 1.0 (,33324302 0.33324661
20 2.0 —0.00620684 =0.00621162
30 3.0 =0.00701079 —0.00701204
i} 40 —0.00091163 =0.00091 170
4% 4.8 | — 000004472 —0.00004960
49 49 =0.000023438 —0.00002345
S0 5.0 —0.00000493 —0.00000490

Boundary Value Problem (BVP)

M= f(r,x,x"y fora<t<bh, xi@y=a and x(b) =8.

Linear BVP

= pinx' (O +g @ xty+ ity with x{a) =« and x(b) =




Reduction to Two 1.V.P.s: Linear Shooting Method
Solution of x" = px' () + gDy +rin
is given as Xty = uit)y + Cult)

where v and v are the solutions of the following IVPs:

u' = piyu'(1) + qu(ty + rit)  with uia) =« and «'(a) = 0.

v = p(tn' () +g(He(t)  with v(@) =0 and v'@) = 1.

proof:

" =u"+ CV" = p(u () + g + 1) + p(HCY' () + g Culh)
— p{r][u’{r] + Cu'(t) + quu(r) + Cur)) + rir)
= p(Ox'(t) + q(OHx(t) + rit).

Xy =ulty + Cu(f)
Imposing the boundary condition x(b) = f

x(b) =u(b) + Cuib). — C = (f—ub)njvb).

if w(b) = 0,

. o, B—ulby
X(t)y=ult)+ —uii).
vih)

17



Example 9.17.  Solve the boundary value problem

" 2 . 2
x (1) = x(f) — ——=x(t 1
X ir) l+!3i{} ]_HEJ.(]—i—

with x(0) = 1.25 and x(4) = —0.95 over the interval [0, 4].

Table 9.15  Approximate Solutions {x;} = {i; + w;} to the
2 2

2t 2

Equation x" (1) = W,\"(?) — 15 +1

1 uj wj Xj=uj+wj
0.0 1.250000 0.000000 1.250000
0.2 1.220131 0.097177 1.317308
04 1.132073 0.194353 1.326426
0.6 0000122 0.291530 1.281652
0.8 0800569 0388707 1.189276
1.0 0.570844 0.4858584 1.056728
1.2 L.308850 0.583061 0.891911
1.4 0.022522 0.680237 0.702759
1.6 —.280424 0.777413 0.496989
1.8 —0.592609 0.874591 0.281982
2.0 —0.907039 0.971767 0.064728
22 —1.217121 1.068944 —0.148177
24 —1.516639 1166121 —0.350518
2.6 —1.799740 1.263297 —0.536443
2.8 —2.060904 1.360474 —0.700430
3.0 —2.294916 1.457651 —0.837265
3.2 2.496842 1.554828 —0.942014
34 2.662004 1.652004 —1.010000
a6 —2.785960 1.749181 —1.036779
3.8 —2.864481 1.846358 —1.018123
4.0 —2.803535 1.943535 —0.950000

Finite-Difference Method

Consider the linear equation X = plOx () + qx(t) +rit)

over [a, ] with x(a) = e and x(b) = p.

The central-difference formulas

-‘-[r_,r'—i-l}' —.1'[Ij_l}
2h

x'(tj) = + Oh?
X(tj+1) — 2x(85) + x(tj-1)

+ oM.
=

P _
x"(tj) =

18



Xz = 2_1’ 2 _|_ X X: — X
J+l J -1 _ Xj+1 — Xj-1 - )
h? — P 2h T qjXj+ 1)

pj = ptj). qj=q(;).andrj =r(t))

—h ) i i
(TPJ - 1).1';—1 + 2+ hgjixj + (Ef’i - 1)_”_‘_1 .

forj=12....,N—1 wherexp =aandxy = j.

(240 hpi-1 -

X
Lp-1 24n%  Ap—i o .
;}PJ' =l 2+r‘i’ij {;P; -1 .l'J,'

0

_Thpw'—z -1 2+h%y=2

Fpyoi—1 2+ higyo

IN-1
g h
—h7r + EP[ +1 )
—hgrg
= —h‘rj
.

—h
—hrry i+ (TPN—l + 1) B8
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Example 9.18. Solve the boundary value problem

7

o 2t . 2
Xt =——xt)— ——=xit)+ 1

I+

2

1+

with x(0) = 1.25 and x(4) = —0.95 over the interval [0, 4].

2r

Table 9.17  Numerical Approximations for x" (1) = o Iz.\"'[f) = n ?2.\'(” +1
i1 X2 X3 Xja Xty

ij h=02 h=0.1 h =005 h = 0,025 exact
0.0 1.250000 1.250000 1.250000 1.250000 1.250000
0.2 1.314503 1.316646 1.317174 1.317306 1.317350
04 1.320607 1.325045 1.326141 1.326414 1.326505
0.6 1.272755 279533 1.281206 1.281623 1.281762
0.8 1.177399 1.186438 1188670 1.180227 1.189412
1.0 1.042106 1053226 1.055973 1.056658 1.056886
1.2 0.874878 0.887823 0.891023 0.891821 0.892086
14 0.683712 0.608181 0.701758 0. 702650 0.702947
1.6 0.476372 0.492027 0.495900 0.496865 0.497187
1.8 0.260264 0.276749 0.280828 0.281846 0.282184
2.0 0.042399 0.059343 0.063537 0.064583 0064931
22 —0.170616 —0.153592 —0.149378 — 0. 148327 —0.147977
24 —0.372557 —0.355841 —0.351702 —0.350669 —{.350325
2.6 —0.557565 —0.541546 —0.537580 —0.536590 —0.536261
28 —0.720114 —0.705188 —0.701492 —0.700570 —0.700262
3.0 —0.854088 —0.841551 —0.838223 —(LB37303 —(.837116
3.2 —0.957250 —0.945700 —0.942839 —0.942125 —0.941888
34 —1.022221 —1.012058 —1.010662 —1.010000 —1.009399
6 —1.045457 — 1038880 —1.037250 —1.036844 —1.036709
38 —1.022727 —1.019238 —1.018373 —1L.OI8158 —1.018086
4.0 —0.950000 —0.950000 —0.950000 —0.950000 —0.950000
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Table ®.18  Emors in Mumerical Approximations Using the Finite-Difference Method

X —%j1 -2 Xl =X Ty X4
i =& =¢€;3 =£3 =gj4
=02 k=101 hy =0.05 by =0.025

0.0 L0000 0.000000 0000000 Q000000
0z QLO0n2e47 0000704 .00 T8 0000044
0.4 QLonza98 0,00 1480 OL00EAL 000001
0.6 L0007 00222 0000554 Q.00012a
08 Q012015 0002074 Q.OD0T42 0000185
1.0 QLoL47a0 0005680 (LD 000028
12 0017208 0004263 0001043 0000265
14 0.0159235 00047 EE 0.001189 Q.00027
14 0.0xE15 0005180 Q.oo1287 0000322
18 Q021920 0005435 0001354 0000338
2.0 0.022533 (LTt 0001394 Q.000348
22 Q.0x2639 0005615 Quoo40] Q000330
24 0022352 0005516 Q.ODL3TT 0000344
14 Q021504 0005283 0001319 0000329
28 QL0198s2 0004926 0L001250 0000308
30 0.017872 0004435 0.001107 0.000277
32 0013362 0003812 Q.0D0RS] 0000237
34 Quop2322 0005055 QLOTAS 0000191
EX QLO0ETA9 0002171 000541 0000135
LR} [ERIIEEE N 00112 0.000287 Q.000072
4.0 L0000 0.000000 0000000 Q000000
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