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Interpolation

Given a set of discrete values (X,Yo), (X1,Y1)r «-e-- X/ Yn)s
find a function that matches these values exactly. The

resulting function can then be used to estimate the value of
'y at a value of X’ that is not given.

»

Interpolants

Polynomials are the most common

choice of interpolants because they
are easy to:

m Evaluate
m Differentiate, and
m Integrate.
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Direct Method

Given ‘n+1’" data points (Xg,Yq), (X1,Y1)s-eeereeerees X/ Yn)s
pass a polynomial of order ‘n’ through the data as given
below:

Y=, t X+ i, +a X .

where ag, a;,..cveieeireneenn a, are real constants.
= Set up 'n+1’ equations to find ‘n+1’ constants.

= To find the value 'y’ at a given value of *x’, simply
substitute the value of *x’ in the above polynomial.

Linear Interpolation

The upward velocity of a rocket is given as a
function of time. Find the velocity at t=16
seconds using the direct method for linear

interpolation.

t () v

s mls Lzl (30, 901677
750

0 0

10 297,04 500 (20, 51739, %225, 60297)

(15, 362.78)

15 362.78 .
250 .

20 517.35 (10, 227.04)

225 602.97 § . . ) ‘ ‘
@l W B e

30 901.67

Velocity vs. time data for the rocket example
Velocity as a function of time
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v(t)=a,

v(20)=a, +a,

a, =—100.91

Hence

v(15) = a, +a,(15)=362.78

Solving the above two equations gives,

v(t)=-100.91+30.913t, 15<t < 20.
v(16)=-100.91+30.913(16) = 393.7m/s

Linear Interpolation

+at

(20)-51735 3.

a, =30913 =

t v(t)

s m/s

10 227.04

15 362.78

20 517.35

225 602.97

30 901.67

Find the velocity at t=16 seconds using the
direct method for quadratic interpolation.

v(t)=a, +at + a,t?
)=a, +2,(10)+a,(10)° = 227.04
v(15)=a, +a,(15)+ a,(15)" =362.78

v(20)=a, +a,(20)+a,(20)° =517.35

g

X =
X

a, =12001 a, =17.740 &, =0.37631

v(16)=12.001+17.740(16)+ 0.37637(16}
=392.19m/s
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v(t)

m/s

10

15

20

225

30

227.04

362.78

517.35

602.97

901.67

Cubic Interpolation

Find the velocity at t=16 seconds using the
direct method for cubic interpolation.

v(t)=a, +at +a,t? +a,t°

v(t) = —4.3810 + 21.289t + 0.13064t +0.0054606t°, 10<t <225

v(16)=—4.3810 + 21.289(16 )+ 0.13064 (16 )’ + 0.0054606 (16 )*= 392.06m /s

v(t)

a(t)

=—V
dt

16

(t)ZE

—4.3810 +21.289t + 0.13064t* +0.0054606t>, 10<t<22.5

Find the distance covered by the rocket from t=11s to t=16s ?

s(16)— s(11) = [v(t)dt
1%

~ | (~4.3810 + 21.289t + 0.13065t2 + 0.0054606t° kit = 1605 m
11

Find the acceleration of the rocket at t=16s

(43810 + 21.289t + 0.13064t? + 0.0054606t° )

=21.289+0.26130t +0.016382t>, 10<t<225

a(16) = 21.289 +0.26130(16)+0.016382(16)° = 29.664m/s?
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Lagrangian Interpolation

Consider a line segment that goes through (x,),) and (x;, y41)

¥y =mi{x —xp)+ vo where m is the slope m = (y1 — vo)/{x1 — xp)

. ] LA — XD
v=FPx)=vg+{vi— vo) .
X1 — xp
Lioiy = X=X
, X —x X —Xo 1olx) = — -
v = Py(x) = ¥ + ¥ : o~
xp— X1 X1 — X0
o x—x
Ly = .
| X — Xp
Pi(x) =) " wLy1i().
k=0

Liglxg) =L Liglx)) =0, Ly j(xg) =0,and L) j(x;) =1

http://numericalmethods.eng.usf.edu



11/14/2007

Example 4.6. Consider the graph v = f{x) = cos(x) over [0.0, 1.2].

¥ ¥
1.0
0.5
0.6
0.4

0.2

1 1 1 1 1 1 x 1 1 1 1 1 x
00 02 04 06 08 10 1.2 00 02 04 06 08B 10 12
(a) (b)

Figure 4.11 (a) The linear approximation ¥y = P|{x) where the nodes xg = 0.0
and x; = 1.2 are the endpoints of the interval [a, #]. (b) The linear approximation
v = 1 (x) where the nodes xg = 0.2 and x| = 1.0 lie inside the interval [a, b].

xr—12 xr—0.0
P, (x) = 1.000000———_ 4 0362358~
1(x) bo—12 " 12-00

x—1.0 x—02
)1 () = 0.980067 - 40540302~
Q1(x) = 0.980067 - +0.540302——

General form of Lagrange polynomials

N

Pru(x)= ) wLnilx),

k=0

(X —Xxp) -+ (X — X WX — X1 - -+ (X — Xpy)

Ly pix)= .
’ (X — Xo) - (g — Xy JXe —Xppp ) - (X — X))
N
[Tj=olx — x;)
=
R M
J=olXe — X}
J#Ek

Lyg(xjy=1 when j=k and Lyg(x;) =0 when j#K

http://numericalmethods.eng.usf.edu 6



¥
1.0+
|
0.5+
1
0.6
—0.5¢+
{a) (b
Figure 4.12 (a) The quadratic approximation polynomial ¥ = Pay(x) based on the

nodes xg = 0.0, xy = 0.6, and x» = 1.2. (b) The cubic approximation polynomial
¥ = Pi(x) based on the nodes xg = 0.0, x; = 0.4, x2 = 0.8, and x5 = 1.2,

Pa(x) = ¥o (X —x)ix — x2) v (X — xphlx — x2) N (x — xp)x — x1)
ST s — ) — x| (r—xe)r —x2) | C o (w — xo)ixa — x1)

(x —0.6)(x — 1.2) +0.825336 (x —0.0)x — 1.2)
(0.0 —0.6)(0.0 — 1.2) T 06 — 0.0)(0.6 — 1.2)

40362358 (x — 0.ix — 0.6)

T L2 —0.0(1.2 — 0.6)

= L.38B889(x — 0.6)(x — 1.2) — 2.292599(x — 0.0){x — 1.2)
+ 0.503275(x — 0.0)(x — 0.6).

Py(x) = 1.0

Error Terms and Error Bounds

Theorem 4.3 (Lagrange Polynomial Approximation). Assume that f € C¥+![a, b]
and that xg. xq,...,. vy € [a.blare N + 1 nodes. If x € [a. b], then

(14) fix) = Pylx) + Ey(x),
where Py (x) is a polynomial that can be used to approximate f(x):

N

(15) Flxym Pyix) = Zf(.rg—].[.,w,er].

=il

The error term E p (x) has the form

(X — xp)(x —x1)- - (x — xp) fN
(N 4+ 1!

for some value ¢ = c(x) that lies in the interval [a, &].

I]f\l E.?\.'l:_\') =

Compare with Taylor approximation

L (N+1)
% (xo) P f (), N
Py(x) = E ——(x —x0) En(x)="——"(x —xg)" 7t
VT LT o N (N +1)! 0
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Error Terms and Error Bounds fix) = Pyix) 4+ Epix),

For N=1
X—x X —xp
Pyixy =y ~ Y =
Xp — X X1 — Xo
(x — xp)x —x1) f e
Ey(x) = TR AT 16
21
Error bounds for equally spaced nodes %3 = xg+ Ak, for k =0, 1. ..., N.
hM- o ,
|Eyix)] = valid for x £ [xg, 1], |Eyix)| = Q{h~)
M
|E2ix)]| = ?—,_1' valid for x € [x, x2].
943
M
|Esx)] < 2% valid for x & [xp, ¥3].

24

Lagrange polynomial approximation for  £[x] =+x  on interval [0,2]

— —
1 - 1r T
L L
H " - - -
T i 7
% LA
. /
2z 4 & B 1o B 4 & § B
1 B = T ul 1 e T -
o -
o e L -
’/ 2k /z
1//.\ e //.)
4 4 & B 1n /
z L] [ B 10
Interpolation 0<x<2
Extrapolation x<0,x>2
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Newton'’s Divided Difference
Polynomial Method

It is sometimes useful to find several approximating
polynomials 7, (x), A(x), . . . ,Py (x) and then choose the
one that suits our needs.

If the Lagrange polynomials are used, there is no
constructive relationship between £,_,(x)and P, (x). Each
polynomial has to be constructed individually, and the
work required to compute the higher-degree polynomials
involves many computations.

http://numericalmethods.eng.usf.edu 9



Newton polynomials have the recursive pattern:

Pyix) = ap +a (x —xq),
Py(x) = ap +a(x —xg) +az(x — xgh(x — x;),
Pi(x) = ap +a(x —xo) + az2(x — xp)(x — xy)

+ aalx — xphix — 1 x — x3),

Py (x) = ap +a1(x — xo) + @2(x — Xo)(x — x1)
+ da{x — xphix — X% — x2)
+ aq(x — xp)(x — xpx — x2){x —x3) +
+anix —xg)-- (X —Xw_ )

Pu(x)y = Py (X) 4 an(x — X)X — X 00(x — X2) (x —xn_1)

Newton’s Divided Difference Method

Linear interpolation: Given (%.Y0), (X Y1), pass a
linear interpolant through the data

fl(x) = bo +b1(X— Xo)

where
bo = f(Xo)
b _ f(xl) B f(XO) (o Yo )
= —21 0

i)

0}

X1 = Xp

http://numericalmethods.eng.usf.edu
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Quadratic Interpolation

Given (X,,Y,), (X,,Y,), and (x,,y,), fit a quadratic interpolant through the data.
fz(x) = bo +b1(x_ X0)+b2(X— Xo)(x_ Xl)

bO = f(xo) y
IrI"”y]./—_\"“\.
f (Xl) - f (XO) /»\ (%3 .2)
p, = 100 = T(%) i
Xl - XO / faf)
f(xz)_ f(Xl)_ f(Xl)_ f(XO) (%0 .¥o) |
X, =% X, — Xo .

Xy =X

General Form

f2 (X) = bo +b1(X—X0)+b2 (X—Xo)(X—Xl)

where
by = f[%,1= f (o)
f(x)— f(x
b, = f[xl,xo]:()l(z_xo(o)
f(x)— (%) F(x)—f(x)
b, = fX;, %, % 1= f[XZ,)i]:;[Xl’XO]: e X, — X *1 7 %
270 2 0

Rewriting
f,(%) = FIxo 1+ FIX X J(X = Xo) + FIX5, X0s X (X = %o ) (X = X;)

http://numericalmethods.eng.usf.edu 11
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General Form

Given (n+1) data points, (Xy, Yo (X, ¥y heveeees (X1 Yos b (X0 Y, ) @S
fo(X) =Dy + b, (X=Xg) + oo 4B, (X=X )(X = X,)oee (X=X, ;)
where
b, = f[x,]
b, = f[x;, %]

bz = f[XZ’Xl’XO]

bn—l = f[xn_1, Xi_gyeeens XO]

b, = T[X), Xpgsee0s %01

General form

The third order polynomial, given (X,, Y,), (X;, Y1), (X5, Y,),and (X5, y;), is

f3(X) = f[xo]+ f[X1lX0](X_Xo)+ f[X21X17Xo](X_X0)(X_X1)
+ f[X3,X2,Xl,XO](X—XO)(X—Xl)(X—XZ)

b
Xo f (Xo) /b1

flx, %] b,
) < >f[xz,x1,xo‘]/\ N

flx;. %] /f[Xsz’XpXo]
X, f(x,) < X5, %5, %]

[, %,]
X, fo0) —

X fx

http://numericalmethods.eng.usf.edu 12
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The upward velocity of a rocket is given as a function of time.
Find the velocity at t=16 seconds using the Newton Divided
Difference method for cubic interpolation.

V(t) = b0 +b1(t_t0) +b2(t _to)(t_t1) +b3(t_to)(t _t1)(t_t2)

t v(t)
s m/s
0 0
10 227.04
15 362.78
20 517.35
225 602.97
30 901.67

Table 1: Velocity as a
function of time

t v(t)
s m/s
0 0
10 227.04
15 362.78
20 517.35
225 602.97
30 901.67
t ] f[.] f[,.1] fl,,,]
bo
t, =10 227.04 /b1
27.14 b,
t, =15, 362.78 0.37660 /b3

30.91 5.4347x10°
t, =20, 517.35< > 0.44453 —

34.248
t, = 22.5, sozer—"

bo=227.04; b, = 27.148; b, = 0.37660; by = 5.4347*107

http://numericalmethods.eng.usf.edu 13
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bo=227.04; b, = 27.148; b, = 0.37660; b = 5.4347*10°

v(e) =by +5,(r —1y) + by (r =1 Xt — 1) + By (¢t — 1, Wt — 1, )t —13)
=227.04+ 27 148 —10)+ 0.37660(r —10)(r —15)
+5.4347*107 (r —10)(z —15)(z — 20)

http://numericalmethods.eng.usf.edu 14
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Spline Interpolation Method

Pittfalls of polynomial approximation

1
f)=—
1+ 25x
Table : Six equidistantly spaced points in [-1, 1]
y=—t
X 1+25x2
Fract fimetion
-1.0 0.038461
Sth erder polynomial
-0.6 0.1
-0.2 0.5
0.2 0.5
-1"—g775 -0.5 -0.25 0.25 0.5 0751
0.6 0.1 -0z
1.0 0.038461 Figure : 5™ order polynomial vs. exact function

http://numericalmethods.eng.usf.edu
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Pittfalls of polynomial approximation

------- 19th Order Polynomial

f(x) - - - - 5th Order Polynomial

Figure : Higher order polynomial interpolation is a bad idea

Linear spline interpolation
Applying linear Lagrange interpolation polynomial piecewise,
that is between two successive points

X —xp

. X
Fi{x)=wp 1
X0 — X1 X1 — X0

. X — Xpyd F— Xk P
Selx) =p———+ Mg ———— [OF xp £ X = X,
X — Tl k1 — K

We get Nlinear polynomials for N+1 points

(e 3y)

4 | i t } } x
L X & % Fsl -1 X

Figure 5.11 Piecewise linear inferpolation (2 lincar splinc).

Note: the interpolation function is continuos over the domain,
while the slope is discontinuous.

http://numericalmethods.eng.usf.edu 2
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Quadratic spline interpolation

We can also use quadratic Lagrange interpolation polynomial piecewise
using three consecutive points

Note: the interpolation function and its slope are continuos
over the domain, while the curvature is discontinuous.

Most popular splines are the Cubic Splines

Given N+1 points construct A cubic polynomials S, for each
interval [x,,x,.,] so that the resulting cubic spline 5(x), its first
derivative S'(x), and its second derivative S’(x) are

continuous over [x,,X,].

L S(x) = Sk(x) = 5,0 + 5k, 1 (0 — xg) + 5200 — x)% + 5300 — )

forx € [xg, Xg41]Jand k=0, 1, ..., ¥ — 1.
I S(x) =w fork=0,1,.... V.
I Sk (xp41) = Sp+10x5+1) fork=0,1,...,1 N — 2.
IV. 8 (x41) = Sp o (K1) fork=0.1,..., N —2.
Vo S (k1) = S (k1) fork=0.1,....1 N —2

Property I states that S(x) consists of piecewise cubics. Property II states that the
piecewise cubics interpolate the given set of data points. Properties III and IV require
that the piecewise cubics represent a smooth continuous function. Property V states
that the second derivative of the resulting function is also continuous.

http://numericalmethods.eng.usf.edu 3



Construction of Cubic Splines
IV. 9 Gfaa) = %y Oawd) for B=0, 1, ...y n-2 The second derivative is continuous.
Skt with %‘Lr X wihich G.r\L“aFLz?.z> W
.}I;E‘lﬁ‘.) = ‘.':‘ (‘3'4(_) A - Xk——!"‘l 4+ .'_5“ ('Y\L___H} 2‘_”_1\’:__
M= Mg .ﬂLM—ﬂ!I‘
i\ - o o ""-"LL "'_‘I\ '{'LC: &
‘LP% E ("’J‘L\_ T {Vw,/.}:m; 4 \“y i e L‘k ond HF]LM\)M ) & .
P - ‘\\ . E
. [ m, 2 M ; = . - o (3. )
‘b-r_f_'.'\\, _hz'__. (h‘i..‘,\—}q + wil (-.},\ "—‘"L} “ ?y_tﬁ&,‘fl '7‘} e lie Je
& I é‘l’l&w -
. . coaztants .
whare P 4, ore ™ \'v_lcjf‘n ken ©
Construction of Cubic Splines (cont.)
I. S0 =¥ for ¥=9 1, ---.n_ The spline passes through each data point.
M 9k (kad = 52 Oe) for ¥=0-1, .., n-2_ The spline is continuous over [a,b].
lnpose I LT R _
’ 1 i LT \'\ q. h ' ‘E(M‘J\l“’e. Tt qL
) Ias) = -+ T = }
Yz Dby R o Beat® 7 TR
Z 4
1 _ 2
I DA o s S S o ) el ) [ i
Consiadl Sy w)= - = et d —— -
by Zhi
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Construction of Cubic Splines (cont.)

p— i L T
1m\733ﬁ?— ’_l'\_ camel 5\‘\95-1-\37,\-5-4, S qy_

[ b
\“L—i AT lthk_ﬁnL\mk‘*’ e M \ e

Lolve the above  for my bhes  subslbihde.

. ~ L P I [
e ae T e 4“—!{\—“ N CL leh*’”‘uﬂ
L =
Spa= Tk Seme e TMe
2 Ehpe

ML %% Ged) = B2 Gea) for X=0, 1, ..., n-2_ The first derivative is continuous.

) U
Sf Bk o T

Construction of Cubic Splines (cont.)

Mote: dn-2 Eff_m%‘om:v ofe owoilable Fo selve L

A ore.  equabuns  are nee dud

- 20120, S0 neked bl sy

L dta)ad,, S®=odyy  elamped cubie

I S(xX) = Sk(X) = 5g,0 4 Sk1 (X — xk) + 5,200 — x8)% 4+ sea(x — xi)°

forx € [xg, Xg41]Jand k=0, 1, ..., ¥ — 1.
Il S{x) = fork=0.1..... N.
L. Spixp41) = Sp+10(x64+1) fork=0,1,.... N —2.
Iv. SL(.!}+1} — S;:+1{.t'k+l} fork=0,1,..., N —2.
V. S (k41) = S (k1) fork=0,1,....,N—2.

- -‘.f\}/_noL.;/\S

T L‘ne

http://numericalmethods.eng.usf.edu
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Example 5.8.  Find the natural cubic spline that passes through (0, 0.0}, (1, 0.5), (2, 2.0},
and (3, 1.5) with the free boundary conditions §”(x) = 0 and §%(3) = 0.

T G, =By
| by m 6 D Tl el
P Al '{\L\m”—‘k i \ T hy )
5 .
2(1 + Dmy +my = 6.0, my = 2.4 and my = —3.6.

my 4 2(1 4 Dymz2 = —12.0.

mo= S0 = 0 mz =531 =0

y
2.0+
So(x) =0.4x" +0.1x for 0<x <1, )
Six)=—(x— 1 +1.2(x = 1)? 3T
+13x -1 +035 for 1 <x <2, 1.0
Sa(x) =0.6(x — 2P —1.8(x —2)? 0.5+
+0T(x=2)4+20 for 2<x <3

1 1 1 1 x
05 10 15 20 25 30

Figure 5.13 The natural cubic spline
with §”(0) = 0 and §"(3) = 0.

Linear Regression
(Linear Curve Fitting)

http://numericalmethods.eng.usf.edu
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What is Regression?

Given ndata points (X1, Y1), (X2, Y2), ..., (Xn, yn)
best fit Y = f(X) to the data. The best fit is generally based on
minimizing the sum of the square of the residuals, Sr.

Residual at a point is

gi=Yyi— f(x)

Sum of the square of the residuals

Sr= Zi: (yi— f(x))?

Figure. Basic model for regression

Linear Regression-Criterion#1

Given n data points (X1, Y1), (X2, ¥2),..., (Xn, ¥n) best fit y = a, + &,x
to the data.

y

X
Figure. Linear regression of y vs. x data showing residuals at a typical point, x;.

n
Does minimizing z g; work as a criterion, where & =Yi —(ao+ aixi)
i=1

http://numericalmethods.eng.usf.edu 7



Example for Criterion#1

Example: Given the data points (2,4), (3,6), (2,6) and (3,8), best fit
the data to a straight line using Criterion#1

Table. Data Points 10
8 *
X y
2.0 4.0 61 * *
>
3.0 6.0 41 *
2.0 6.0 21
3.0 8.0 o T
0 1 2 3 4
X

Figure. Data points for y vs. x data.

Linear Regression-Criterion#1

Using y=4x-4 as the regression curve

Table. Residuals at each point for
regression model y = 4x — 4. 10
X " E=Y - " 8 1
y Ypredicted Y~ Ypredicted
2.0 4.0 4.0 0.0 6 | . .
-
3.0 6.0 8.0 20 4l
2.0 6.0 4.0 2.0 N
3.0 8.0 8.0 0.0 0
4
0 1 2 3
zgi =0
i=1 X

Figure. Regression curve for y=4x-4, y vs. x data

http://numericalmethods.eng.usf.edu
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Linear Regression-Criterion#1

Using y=6 as a regression curve

Table. Residuals at each point for y=6 10
X y Ypredicted €Y - Ypredicted 8 *
2.0 4.0 6.0 2.0
6 * *>
3.0 6.0 6.0 0.0 >
41 .
2.0 6.0 6.0 0.0
2 4
3.0 8.0 6.0 2.0
4 0 T T T
2. =0 0 1 2 3
i=1
X

Figure. Regression curve for y=6, y vs. x data

Linear Regression — Criterion #1

4
& =0 for both regression models of y=4x-4 and y=6.
=1

The sum of the residuals is as small as possible, that is zero,
but the regression model is not unique.

Hence the above criterion of minimizing the sum of the
residuals is a bad criterion.

http://numericalmethods.eng.usf.edu
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Linear Regression-Criterion#2

y

n
Will minimizing
i=1

i ‘ work any better?

X
Figure. Linear regression of y vs. x data showing residuals at a typical point, x;.

Table. The absolute residuals
employing the y=4x-4 regression

Linear Regression-Criterion 2

Using y=4x-4 as the regression curve

model
X y Yoredicted | 1€l = 1Y = Ypredictea
20 | 40 4.0 0.0
3.0 6.0 8.0 2.0
2.0 6.0 4.0 2.0
3.0 8.0 8.0 0.0
4
Z € |= 4
i=1

10

Figure. Regression curve for y=4x-4, y vs. x data

http://numericalmethods.eng.usf.edu
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Linear Regression-Criterion#2

Using y=6 as a regression curve

Table. Absolute residuals employing

the y=6 model
X y Yoredicted | &= 1Y = Ypredicteal
2.0 4.0 6.0 2.0
3.0 6.0 6.0 0.0
2.0 6.0 6.0 0.0
3.0 8.0 6.0 2.0
4
Z g |=4
i=1

Figure. Regression curve for y=6, y vs. x data

&

Linear Regression-Criterion#2

=4 for both regression models of y=4x-4 and y=6.

The sum of the errors has been made as small as possible, that
is 4, but the regression model is not unique.

Hence the above criterion of minimizing the sum of the absolute
value of the residuals is also a bad criterion.

http://numericalmethods.eng.usf.edu
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Least Squares Criterion

The least squares criterion minimizes the sum of the square of the
residuals in the model, and also produces a unique line.
2

S, = iZ:,gizz Zn:(yi —& _a:lxi)

i=1

y

X
Figure. Linear regression of y vs. x data showing residuals at a typical point, ;.

Finding Constants of Linear Model

2

Minimize the sum of the square of the residuals: S, = > &= > (y, —a, - ax)
i=1 i=1

To find @, and @, we minimize S, with respect to @, and a, .

oS "
Tr = _ZZ(Yi —q X )(_1): 0
a, i1

n

oS
air = _ZZ(yi —3, — X X_ Xi)= 0
a, =

giving
Zao +zalxi = Zy|
5 T i Solve for a, and &
Zn:aoxi +Zn:alxi2 :zn:yixi
i=1 i=1 i=1

http://numericalmethods.eng.usf.edu 12



Example 1

The torque, 7 needed to turn the torsion spring of a mousetrap through
an angle, is given below. Find the constants for the model given by

T =k, +k,0
Table: Torque vs Angle for a 04
torsional spring ’
Angle, 6 Torque, T —_
gle, q £ 03| S
r4
X 2 -
Radians N-m 4 -
[} B *
0.698132 0.188224 k02 .
0.959931 0.209138
1.134464 0.230052 0.1 ‘ ;
05 1 15 2
1570796 0.250965 o (radians)
1.919862 0.313707

Figure. Data points for Angle vs. Torque data

Example 1 cont.

The following table shows the summations needed for the calculations of
the constants in the regression model.

Table. Tabulation of data for calculation of important

summations
, Using equations described for
o T 0 TO a .

o and & with n=5
Radians N-m Radians? N-m-Radians n n n
0698132 | 0188224 | 0.487388 0.131405 z a, + Z a,x, = z Y,
0.959931 0.209138 0.921468 0.200758 i=1 = i=1
1.134464 0.230052 1.2870 0.260986 n n , &
1570796 | 0.250965 2.4674 0.394215 z X + Z ax = Z YiXi
1919862 | 0.313707 3.6859 0.602274 = =1 =1
6.2831 11921 8.8491 1.5896 a,=1.1767x10"  N-m

a = 9.6091 x 1072 N-m/rad
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Example 1 Results

Using linear regression, a trend line is found from the data

041
T=0.11767 + 0.0960916
T 03 *
Z
[ *
=]
g
S 02
01 : : ‘
05 1 15 2

6 (radians)

Figure. Linear regression of Torque versus Angle data

Can you find the energy in the spring if it is twisted from 0 to 180 degrees?

Polynomial Fitting

y=flx)= Ax? +Bx+ C

N
E(4,B,C) =Y (Ax; + Bxp +C — w)
k=l

N

AE(A, B, C) 9 .
= Y (A + B + € — '),
k=1
N
AE(4,B.C .
0=2E050 55 a2 4 By 4+ € — ol
a8 e ’
¥
AE(A,B.C .
0:%:3 (AXE + B +C — w1

http://numericalmethods.eng.usf.edu
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Generalized Polynomial Model

Given (X1, Y1), (X2, Y2),..., (Xn, ¥n) best fit y=a +ax+..+a x"

(m<n-2) to agiven data set.

o (X.y)

y=a +ax+...+a x"
0 1 m

. y —f(x)
(x.y)

Figure. Polynomial model

Generalized Polynomial Model cont.

The residual at each data point is given by

Ei=Vyi—a,—aX —. ..—a.x
The sum of the square of the residuals then is
S, = Z E?
i=1
n m 2
= (yi_ao_alxi_"'_amxi)
i=1
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Generalized Polynomial Model cont.

To find the constants of the polynomial model, we set the derivatives
with respect to @, where i=1,...m, equal to zero.

6SI' _ d _ _ _ _ m _ —
aao—g,z(yi ay-ax = . —a, X" -1 =0
Zi zgz-(yi—aﬂ—aixi = aex) =0
2:; :iZ:,Z-(yi_ao_ehxi T __amxi'")(_xi"‘)zo

Generalized Polynomial Model cont.

These equations in matrix form are given by

R

The above equations are then solved for a,,a,,...,a,

http://numericalmethods.eng.usf.edu
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Nonlinear Regression

Nonlinear Least-Squares Method for y = C e

Suppose that we are given the points (x1, v1), (X2, v2). ..., (xn. y) and want to fit an
exponential curve:
(11} y = Celt.

The nonlinear least-squares procedure requires that we find a minimum of

N
(12) E(A,C) =) (Cet™ —yp)2.
k=1

The partial derivatives of E(A, C) with respect to A and C are

IE &
~  Axg Axg
(13) - (Ce™ — v M Cxpe™ )
oA =2

and

(14)

E al
— =2 Z{ Ce% Vi) (e,

http://numericalmethods.eng.usf.edu 17



N N
C E.t‘kch‘ﬂ‘"'-‘ — E.rk yee™* =0,
k=1 k=1
N N

k=1 k=1

Nonlinear equations in C, A

Newton’s method can be used for the solution
(fminsearch command in MATLAB )

Linearization of Data

For some models which require simultaneous solution of nonlinear
equations, data linearization may be mathematically convenient.

For example, the data for an exponential model can be linearized.

(See Table 5.6 in the textbook for other models)

Suppose that we are given the points (xy, v1), (X2, ¥2)..... (xp. ¥y ) and want to fit an
exponential curve of the form

( ]) v= (__.‘K’A"..

The first step is to take the logarithm of both sides:

(2) In(y) = Ax + In(C).

Then introduce the change of variables:

(3) Y = In(y), X=x, and B=InC).
This results in a linear relation between the new variables X and }¥':

(4) Y =AX + B.

http://numericalmethods.eng.usf.edu
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F=AX+4 B.

N N
Zx’ﬁ) A+ (Z Xk) B =) Xi¥,
= k=1

_— k=1
) N N
(Z Xk) A+ NB =3 ¥
k=1 k=1
After A and B have been found. the parameter C in equation (1) is computed:
(6) C =e®.

Example 5.4, Use the data linearization method and find the exponential fit y = Ce™*
for the five data points (0, 1.5), (1, 2.5), (2,3.5), (3. 5.0), and (4, 7.5).

Table 5.4 Obtaining Coefficients of the Normal Equations for the Transformed Data Points

{(Xx, Ye)}
X Yk X Y =In(yy) X2 Xy
0.0 1.5 0.0 (.405465 0.0 0.000000
1.0 2.5 1.0 0.916291 1.0 0.916291
20 i3 20 1.252763 4.0 2.303526
30 50 30 1.600438 9.0 4.828314
4.0 1.3 4.0 2.014903 16.0 8.039612
10.0 6. 198860 0.0 16.309743
=Y X =Tk =YX =Y Xl
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X
Figure 5.5 The exponential fit
—x oy = 157991031202 ghrained by

0 1 2 3 4 using the data linearization method.
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