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Numerical Integration

Quadrature

b M
f Flxyde = Z wi f(xg) = wof (o) +wy )+ -+ war flam)
a k=0

+ EL[]

d=xXp=Xp <---=<xpg=>b

is called a numerical integration or quadrature formula. The term E[[] is called the

truncation error for integration. The values {xj };:‘f:D are called the quadrature nodes,
A

and {wi };’fzo are called the weights.




Definition 7.2.

The degree of precision of a quadrature formula is the positive inte-
ger n such that E[F;] = 0 for all polynomials Fj{x) of degree i = n, but for which
E[Py+1] # 0O for some polynomial P, (x) of degree n + 1.

E[f]1=K ™)

A

(quadrature based on polynomial interpolation)

Newton-Cotes Quadrature
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Integration The process of measuring
the area under a curve.

- }f(x)dx

b
= f(x)dx y “
a

Where:
f(x) is the integrand
a= lower limit of integration

b= upper limit of integration

Approximate 7(x) by a straight line

f flydx = —(fo+ f1) (trapezoidal rule),
Xo =

The trapezoidal rule has degree of precision n = 1

]

S Jr__.l': oy,
A flxrdx —E[fo+fJ:—E._r (c)
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Derivation of trapezoidal rule from Lagrange Polynomial

M
Oy~ Py(x) =) feLas(x),
k=0
.\'M .\"‘.{
[ flxydx %[ Py(x)dx
xo xo
X —x X —x pr
Prix)=mw Ly 0 Vi = f(xg)

1
xXgp— X Xl —Xo

(x —xp)(x —x) FPe)
2!

Ei(x)y=

Integrate A, to get trapezoidal rule
Integrate £, to get the truncation error/degree of precision

Approximate 7(x) by a quadratic curve
f. 2 Flx)dx = ;{ﬁj +40+ f2) (Simpson’s rule)

Simpson’s rule has degree of precisionn = 3

.[Ig (x)dx h[f +4f1+ f2) i (e
- A =— ) — — C
ID Jx] L L+ J2) =55/ (@)
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Derivation of Simpson’s rule from Lagrange Polynomial

M
fixy = Pyix) = Zﬁ- Larx(x),
k=0

XM XM
[ fxydx == [ Ppr(xydx
X Xy

=X =) (X —xp)lx —x72) (X —Xo)(x —Xx1)
Pg[.l‘} _ ID ! WA 0 0 |

) - ) l J27 -
{Xo— X1 ){xp—Xx2) (X1 — o)y —x2) (X2 —xp)lx2 —x1)

(x — x)(x — x1) -+~ (x —xp) fAHD ()

Erir
A1) (N + 1)

Integrate A, to get Simpson’s rule
Integrate £, to get the truncation error/degree of precision

Approximate 7(x) by a cubic curve

X3 3;
f filx)dxy = ?r{fo +3fi+3f2+ fa) (Simpson’s :;r rule)
Xy

. 3 . u
Simpson’s ¢ rule has degree of precision n = 3

5o 3h | PN
fydy=—(fo+3fi+3fa+ i) ——f" )
o 8 80
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Example 7.2. Consider the integration of the function f{x) = 1 4+ ¢ ™" sin(4x) over the
fixed interval [a, 5] = [0. 1]. Apply the various formulas (4) through (7).
For the trapezoidal rule, i = 1 and

v
Cy=fix)
1.5

1 ho .
f Fwydx = =(fo+ f1) 1.0
k1Y) =

0.5

I
1
f flxydx & E{f{ﬂ} + fi1)) =0.86079.
0

For Simpson’s rule, r = 1/2, and we get
.
" y=fix)

X o
f filx)dx = ;{jn +471 + f2) 1.0
Xo =
0 0.5

l n
112
f fx)dr % S=(FO) +47(3) + (1) = 132128
0 o

0.0 02 04 06 08 10

00 02 04 06 08 L0

For a fair comparison of various methods use the same number of
function evaluations in each method.
E.g. Five evaluations in [xy,x,]

Xy Xy X X3 Xy
f flydy = f flydy + f flxydx + [ floydy + [ flx)dx
i X Xy 1 1

(17 h h h o h
) 2 Elfo +M+5+ P+t A+ 5+ )
= }_’[ fo+2fi+2f+2fz+ fy). composite trapezoidal rule
2 -l - o e !
Xy X 'y
[ flxydy = f Flxydx + [ Flxydx
xp an X
18 h h . -
(18) o+ 4fi+ )+ (2 +4f+ )

h
= ;{fo +4f+22+4+ fa).

composite Simpson'’s rule
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Example 7.3.  Consider the integration of the function f(x) = 1 4 ™" sin(4x) over
[a,b] = [0, 1]. Use exactly five function evaluations and compare the results from the

composite trapezoidal rule, composite Simpson rule,
The uniform step size is i = 1/4. The composite trapezoidal rule (17) produces
L l.i" Al ril A el .
feyde s ——(fO+2f() +2f()+ 2/ + 1) =128358
Using the composite Simpson’s rule (18), we get
! 1/4
f Frde m —=(FO) + 47 +2f () +4f () + F(1)) = 1.30938

¥ b

y=[(x) ¥ =flx)

000 025 050 075 LOO 0.00 025 050 075 100
(a) (b)

Figure 7.4 (a) The composite trapezoidal rule yields the approximation 1.28358.
(b) The composite Simpson rule yields the approximation 1.30938,

Theorem 7.2 (Composite Trapezoidal Rule).  Suppose that the interval [a, b] is
subdivided into M subintervals [xg, xg+1] of width i = (b—a)/M by using the equally
spaced nodes x; = a + kh, fork =0, 1, ..., M. The composite trapezoidal rufe for
M subintervals can be expressed

b
f Sflxydx = T(f, h)
i

h
Tifih) = Elfo +2A+2f 42+ +2fm—2+ 2 -1 + fur)

M

h 3 ; »

T(f,h)= = E (1) + Fixg))
T k=1
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Trapezoidal Rule: Error Analysis

‘We first determine the error term when the rule is applied over [xo. x1].
a A % (x = xg)(x = x1) FO(e(x)
(10) f flryde= f Pi(x)dr + f —""'d.r.
n ) R o

I (x — xpi(x —x1)
2l ‘

1 h s :
(11) f flx)ydx = E[fo + f+ f(‘){q]f 1x.
- .

X

Use the change of variable x = xg + /if in the integral on the right side of (11):

L h L Py
Sydx = S(fo+ fuiy + —5— hit —OA(t — DA dt
A = = 0
h Depn® oo,
(12) =f[fu+f1}+f'71f[r‘—r}dr
2 2 A

F®epn®
12

h
= o+ fi)—

Now we are ready to add up the error terms for all of the intervals [xg, xp4]:

b Mo
f filx)dx = Z f flxydx
“ k=1 R

M h n M
— = 1) YL — (2)
—gzlf[.u_n-l—f{_ul] 12§f (Ck).

The first sum is the composite trapezoidal rule T'( f, i). In the second term, one factor
of h is replaced with its equivalent h = (b —a)/M, and the result is

M

b - Ah2
b —a)l | )
f flxyde=T(f hy— ”l% (E E e }) .
a i 4

k=1

(13)

The term in parentheses can be recognized as an average of values for the second
derivative and hence is replaced by f®(c). Therefore, we have established that

’ (22
b—a h

f fxyde=T(f h)— &

a’ 12
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Example 7.7, Consider f(x) = 2 + sin(2/x). Investigate the error when the compos-
ite trapezoidal rule is used over [1, 6] and the number of subintervals is 10, 20, 40, 80,

and 160,

Table 7.2 Composite Trapezoidal Rule for

fix) =24 sin(2/x) over [1, 6]

M h Ti(f h) Er(f.h) = O(h%)
10 | 05 8.19385457 —0.01037540
20 | 0.25 818604926 —0.00257006
40 | 0.125 8.18412019 —0.00064008
80 | 0.0625 8.18363936 —0.00016015
160 | 0.03125 | 8.18351024 —0.00004003

Theorem 7.3 (Composite Simpson Rule).

Suppose that [a, b] is subdivided into

2M subintervals [xy, xx+1] of equal width h = (b —a)/(2M) by using x; = a+kh for
k=0,1,...,2M. The composite Simpson rule for M subintervals can be expressed

b

Ja

W] =

- h
’ flx)ydx = S(f,h)=§(fo+4f1+2f2+4f3
+oot 2o Hafuo1 + fan)

M
Z(f(IZk—Q) + 4 f (x2r—1) + fxa))
k=1
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Composite Simpson’s Rule

x)

Tf(x)dx:xff(x)dx+Tf(x)dx+ .....
+ X]Mf(x)dx

Xam-2 Xo Xz Xom Xom

Apply Simpson’s Rule over each interval,

f(><o)+4f(><1)+f(&)}+
.

b
Jf(x)dx=(x2—xo)[

f(Xom o) +4 T (Xom o)+ f(xzm)}

+ (X _XZM—2)|: 6

X; —X;_, =2h

Composite Simpson’s Rule

Then
?f(x)dx=2h{f(X°)+4féX1)+ f(xz)}...

+2h[f(xz)—ir4féx3)—|r f(x4)}+m

+ Zh{ f(Xom_p) +4f (6XZM1) + f (X )}

b
[ f(x)dx :2[f(x0)+4{f(xl)+ F () + ot T Xy g) 1 +0.]

e 20 06) + F (X)) oot T oy o)} T (X )3

w| =

1

{i( f (X)) +4 1 (%) + F (%) )]

11/28/2007
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o T B T e A T
Ull.l“ﬂ“’.i o Euidiiee E9E BAFE ﬂllﬂi_] -]
b
f Fx)dx = S(f,B) + Es(f, )
a

h 2n M ah &
SR = 5(f@+ fE) +5 ) faaw) + 5 ) Flome)

k=1 k=1
~(b—a) fP )’
180

Es(fih) =

Tahle 7.3 Composite Simpson Rule for
Fla) = I+ sin(2./% over [1, 6]

M h Bif R | Egif k) = 00k
| 03 B.IEIDIS4D | 0.00046371
0 | 025 B.18344750 000003171
| 0128 8.1EM7TIT (.000002 0
40 | 00625 . 15247908 0LCHO0000 3
BO | 003125 | 818347920 | 000000001

Recursive Rules

Theorem 7.4 (Successive Trapezoidal Rules).  Suppose that J = | and the points
{xy = a + kh} subdivide [a, b] into 2! = 2M subintervals of equal width h =
(b —ay/27. The trapezoidal rules T(f, 1) and T( f, 2h) obey the relationship

M
. T(f,2h) .
(1) T(fh=—= +h) f o).
k=1
define T(J) = T(f. h). y =
. M
TJ—-1
T(J)=———+h)_ fxu-1)
- k=1

v =flx) v =flx)

a b a b
(©) ()
Figure 7.8 (a) T(0) is the area under 20 =1 trapezoid. (b) T(1) is the area under

2l =2 trapezoids. (c) T(2) is the area under 22 -4 trapezoids. (d) 7(3) is the area
under 2* = & trapezoids.
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Proof. For the even nodes xg < X2 < --- < xay—2 < X23f, We use the trapezoidal
rule with step size 2h:

2h
(3) TU -1 =—(fo+2a+2fs+ - +2fam—s+2am-2+ fam)-
For all of the nodes xg < xy < x2 < - = Xpa—1 < X247, We use the trapezoidal rule
with step size h:

h
4) Ty = E(fo +2fit2fz+---+2f2m—2+ 2fam-1 + f2m).

Collecting the even and odd subscripts in (4) yields

M
h
(5) T(J)=>(fo+2fa+ - +2faM—2+ fa) +h ) fa-1.
- k=1
Substituting (3) into (S)results in T(J) =T(J —1)/2+h E}:’le f—1, and the proof
of the theorem is complete. .

Example 7.11.  Use the sequential trapezoidal rule to compute the approximations T(0),
T(1), Ti2), and T(3) for the integral j'Jj dx/x =In(5) - In(1) = 1.609437912.

Table 7.4 shows the nine values required to compute T(3) and the midpoints required
to compute T(1), T'(2), and T (3). Details for obtaining the results are as follows:

4
Whenh=4: T(0)= 5 1.000000 + 0.200000) = 2.400000.

T
Whenh =2 T(l)= % + 2(0.333333)

= 1.200000 4 0.666666 = 1.866666.

Tl
Whenh=1: T(2)= % + 1(0.500000 + 0.250000)

=0.933333 4 0.750000 = 1.683333.

1 T 1
When h = 5 I3 = % + 5(0.666667 + 0.400000

+0.285714 4 0.222222)
=0.841667 4 0.787302 = 1.628968. ]

11/28/2007
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Theorem 7.5 (Recursive Simpson Rules).  Suppose that {T(J/)} is the sequence of
trapezoidal rules generated by Corollary 7.4. If J = 1 and 5(J) is Simpson’s rule for
24 subintervals of [a, b]. then S(.J) and the trapezoidal rules T(J — 1) and T(J) obey
the relationship

4T (Y —T(J — 1)

(7 S[J]—f for /=1,2, ....

Froof.  The trapezoidal rule T'(J) with step size /i yields the approximation

b h
®) f flaydx = Etfo +2fi+2fa+---+2fam—2+2fom—1 + fom)
a
=T(J).

The trapezoidal rule T (J — 1) with step size 2it produces

b
(9) f fxyde=hifo+22+---+2fam—2+ frm)=T(J —1).
a

Multiplying relation (8) by 4 yields

b
(10) 4 f fiode=n2fo+4hH+4f2+ - +4fam—a+4 o1+ 2 )
a
=A4T(J).
Now subtract (9) from (10) and the result is

b
(11 3[ Jyde =hi{fo+4f1+22+ - +2fam—2+ 4 fom—1 + f2m)
a

=4T(J)y=T(J —1).

This can be rearranged to obtain

g h
f floydy = B fo+d4n+2f2+---+2fam—2+4fam—1 + f2m)
s 5

(12)
4T =T — 1)
==
The middle term in (12} is Simpson’s rule 5{.J) = S(f, 1) and hence the theorem is
proved. .

11/28/2007
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Example 7.12.  Use the sequential Simpson rule to compute the approximations S(1),
S(2), and §(3) for the integral of Example 7.11.
Using the results of Example 7.11 and formula (7) with J = 1, 2, and 3, we compute

AT =T(0)  4(1.866666) — 2.400000

S()=——= - = 1.688888.
AT()=T(1)  4(1.683333) — 1.866666

5Q) = ”1 b _« 2 — 162022,
ATG)=T(2)  4(1.628968) — 1.683333

S(3) = ”1 @ _X - = 1.610846. .

Romberg Integration

AT(Jy—=T(J = 1)
- 3

S(J) for J=1, 2, ....

Definition 7.4. Define the sequence {R{(J, K) : J = K}:’f:o of quadrature formulas
for f(x) over [a, b] as follows

R(J.O)=T(J) for J = 0, is the sequential trapezoidal rule.
(30 R({J.1)=5(J) for J = 1, is the sequential Simpson rule. A

4RI, 0)= R(J =1,0)

R(J, 1)=
' 4l —1

for J =1
b 7
fydx=T(f, )+ O7),

recall that b
f flxydy = S(f, )y + G[J:“].
a

11/28/2007
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Romberg Integration

The pattern for integration rules of increasing accuracy is of the form:

b
f Jixyde=T(f h + o), R(J,0)=T(J)

b ; e
f flxydx = S(f )y + O*, R(J, 1) = S(J)
5 R(J,2) = B({J)
f f(x)ydx = B(f, h) + O(h®).
a

AR, 0)= R(J — 1,0

RiJ, 1)= for J =1
41—
2RI, D= R(J—1,1
R(J,2) = -1 ]4 I ) for J =2,

_ 4 RUK-D-RI-1.K-1

yY. g for J = K.

Romberg Integration relies on
Richardson’s extrapolation

b
{Precision of Romberg Integration). f Fixydex=R(J, K)y+ O (h2K+2 by
i

Lemma 7.1 (Richardson’s Improvement for Romberg Integration). Given two
approximations R(2h. K — 1) and R(h, K — 1) for the quantity @ that satisfy

. Q=R K — D) +ah™ +an®*? 4.
and
) Q0 =R2h K — 1)+ adfn™ 4 opaFtip2iet g

an improved approximation has the form

AKR(NK—1)—R2h.K = 1)

g +0m**),

(30)

11/28/2007
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Start with T'( f, 2h)y and T'(f, It)

b
(20) f Fydx = T(f, 2h) 4+ ay4h* + az 160* 4+ a364h° + . ..
&

b
(21) f fydx=T(f. h) + (.'1}12 +a‘;,’r4 +¢r3,’16 + -
a

Multiply equation {21) by 4 and obtain

b
(22) 4] Flxydx = 4T(f ) 4 a1 4h% + agdh* + az4hb 4+ ...
a

Eliminate a; by subtracting (20) from (22). The result is

b
(23) 3[ oy de = 4T(f, hy — T(f, 2h) — ag12h* — a3600° — . .
a

Now divide equation (23) by 3 and rename the coefficients in the series:

b y _ 2
(24) f j'[_r':rf_r=w+blh4+bghﬁ+m .
U
S{f.h)
Table 7.5 Romberg Integration Tableau
R(J.0) R(J, 1) R(J.2) R(J3) RiJ. 4
Trapezoidal Simpson's Boole's Third Fourth
I rule rule rule improvement improvement
0 R0, Oy
L ROLO_R(L )
2| RO RQ1)_R2.2)
3| RGO RG.1) R(. )= R(.3)
4 R4, () R4 1) R(4,2) R(4,3) Rid. 4

11/28/2007
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Example 7.14.  Use Romberg integration to find approximations for the definite integral

Table 7.5

a/2 T
/ [.\3+.\+l]ccs[.\)d.x=—2+7+
o 2

n?
1

Romberg Integration Tableau

= 2038197427067 .. ..

R(J, ) R(J, 1) R(J,2) R(J,3) R(J.4)
Trapezoidal Simpson’s Boole's Third Fourth
J rule rule rule improvement improvement
0 R0, 0)
! RO, R(1, 1)
2 R(2,0) :R[E, 1) R(2,2)
3 R(3.0) RG.1) R(3,2) " R(3.3)
4 R4, 0) R4, 1), R4, 2) Ri4, 3) Ri4.4)
Table 7.6  Romberg Integration Tableau for Example 7.14
R(J, 0y R D R(J.2) R(J, 3
Trapezoidal Simpson's Boole's Third
J rule rule rule improvement
0 0.785398163397
1 1.726812656758 2.04061 T4RTRTR
2 1.960534 166564 2.038441336499 2.038296259740
3 2.018793948078 2.038213875249 2038198711166 2.038197162776
4 2.033347341805 2.038198473047 2.038197446234 2.038197426156
5 2.036984954000 2.038197492719 2.038197427363 2.038197427064
Example 7.14.  Use Romberg integration to find approximations for the definite integral
a/2 ) T _..[,2
/ (x=+x+1)cos(x)dy = -2 + o) + T = 2.038197427067 .. ..
o 2
Table 7.6  Romberg Integration Tableau for Example 7.14
R(J. 0y R D) R(J.2) R(J.3)
Trapezoidal Simpson’s Boole's Third
ule rule rule improvement
0.785398 163397

[ S A ]

1726812656758
1.960534166564
2.018793048078
2.033347341805
2.036984954990

2040617487878
2.038441336490
2.038213875249
2038198473047
2.038197492719

2.038206259740
2038198711166
2.038197446234
2.038197427363

2038197162776
2038197 i6

2038197427064

Table 7.7 Romberg Error Tableau for Example 7.14

7 EJ,0y=0(% | EJ )=00Y | EJ,2)=00C | E(J, 3 =00%
0| b—a | —1.252799263670

|2 f“‘ —0.311384770300 | 0.002420060811

2| P28 | _oorresnasosos | 0000243000432 | 0.000008832673

3| P29 | _o.0104034780%0 | 0.000016448152 | 0.000001284000 | —0.000000264201
4|? ; —0.004850085262 | 0.000001045980 |  0.000000019167 | —0.000000000912
s | P29 | 0001212472077 | 0000000065651 | 0.000000000296 | —0.000000000003

11/28/2007
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Gauss Quadrature

We wish o find the area under the curve
_‘,':fl:.f:l_ —l=x=1

What method pives the best answer if only two function evaluations are to be made?

¥ =fix)

-1 ] 1 a1 ox X 1
(a) ()

Figure 7.10  {a) Trapernidal approccimation using the abscissas —1 and 1. (k) Trapezrcidal

approximation using the abscissas x) and xa.

11/28/2007
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Basis of the Gaussian
Quadrature Rule

Previously, the Trapezoidal Rule can be developed by the method
of undetermined coefficients as:

lff(x)dx;cl1‘(a)+c21‘(b)

b—"‘f( a)+ —f(b)

Basis of the Gaussian
Quadrature Rule

The two-point Gauss Quadrature Rule is an extension of the
Trapezoidal Rule approximation where the arguments of the
function are not predetermined as a and b but as unknowns
X, and X,. In the two-point Gauss Quadrature Rule, the
integral is approximated as

b

= [ f(x)dx =C f(x )+c,f(x,)

Q

11/28/2007
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1
[J Jlaydx = wy fix) +wzfxz)

To find w, x we need four conditions
= find w, x so that the integration rule has degree of precision 3

1
Fixi=1: f ldx =2 = wy 4+ s
4 -1
1
f xdxr = 0= wyr] 4+ w2r

Fix)y =x:
41

1
Fixy = x2; f xtdx =

= wix] + w2xj

tar| b2

1
[ . -

dx =0 = wpaj + wanz
1

Fixy = s ,f_

wy = un = L.
—x1 = a2 = 173V =2 0.5773502802.

11/28/2007

i Ganss-Legemndre Two-Point Rule),

f_l] flxyds=f (%) +f (%’a‘) + E2if),

F¥c)
Ea = .
20 3%

The Ganss-Legendre rule o) has degree of precision 1 = 3.

[l Flds = Gaif) = f(;—,}?)+f(%)

20



The general N-point Ganss-Legendre rule is exact for polvnomial fonctions of
degree = 2N — 1. and the numerical integration formula is

{1&) Guify = wxyfixn ) +wpa oyl 4+ 4wy n Flxpw.

Tabkle 7.9  Gauss-Legendre Abscissas and Weights

1 N
f ! Foxydx =3 wy pf (5w i) + En(f)

|
Truncation error,
N Abacissns, xp Weighta, wy g Ewnif
2 —0. 5773502602 100000000 A
)
05773502602 100000000 135
3 HO.TT45966602 0.5555555556 8y
Q000000000 0.8888888888 15,750
4 H0.86113631 16 03478548451 £ oy
H0.33098 10436 0.6521451549 3 AT2.ET5

Theorem 7.% (Gauvss-Legendre Three-Point Rule).  If f is contimnous on [—1, 1],
then

1 SFi—3/5) L B0 L5 (/35
(17) j Flds = G = L V3B ng' T35
-1

The Ganss-Legendre rule Crsi ) has degree of precisionn = 5. If f = C5[—1, 1],
then

5 £ (—/375) +8F(0) + 5 (/375

el
(18 j fixidr = G —— + Eaif).
-1
where
frs:ll:l:':l
19 E = .
(19) 3= 15750

11/28/2007
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Theorem  7.00 (Gavss-Legendre  Translation). Suppose that the abscissas
{-1'-""-1'}?:1 and weights {u-;‘r.;-}f':l are given for the N-point Ganss-Legendre rule over
[—1. 1]. To apply the rule over the interval [a, &]. use the change of variable

b b— b —
F:u+ i a a

(20) o and  dr = dx.
Then the relationship
s i a+bh b—a Yb—a
(21) j fmm:j f( + _1-) dx
a -1 2 2 2
is used to obtain the quadrature formula
& b—a o a+b b—a
(22) Mhdt = —— % + iNE)-
[} roa =35 Foonar (57 + 25 )

11/28/2007
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