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Numerical Differentiation

Recall the definition of first derivative f'(x)= Ihirrgw

friy = O = () _ () = F(x)

forward difference

h Xi+1 - Xi
f’(X-): f(xi)_ f(Xi—l) .
i X — X, backward difference
averaging
Fr(x) = ) = FO60) central difference
Xi — Xy

Truncation Error (formula order) using
Taylor series (Theorem 1.16)

£ = F0x) + F1Ox)(X—xg) + () = %), £70x) KX gy (X2 %)™

2! n! (n+1)!
X, < C < X
Let X=X,+h, n=1
2 p—
(% +h) = £ () + F/(x)h+ f"(cl)% = 1(x,) =M— f"(cl)g

Forward difference with 0 (5)
Let X= XO - h, n= l

F (% —h) = £ (%) + F()(-h) + f"(cz)h;z, = 1) =1 S o) D

Backward difference with 0 (h)
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Centered Formula of Order O (A 32)

Om? O ennd
) fo+m =100+ frooh+ 1 ;” +7 ;”

and

f(z){x)hz 3 f(?']((‘),)hj
2 3! ’

(6) fla—h)y= f— foh+

After (6) is subtracted from (5), the result is

(e + O eann’
3! :

)] fx+m—flx—h=2f(xh+

Since f‘gl(.r} is continuous, the intermediate value theorem can be used to find a
value ¢ so that

F¥en+ e

2 = r®%).

(8)
This can be substituted into (7) and the terms rearranged to yield

fa+m—fux—n  [fDon?
- 24 T

(9) i

The first term on the right side of (9) is the central-difference formula (3), the second
term is the truncation error, and the proof is complete. .

Error Analysis and Optimum Step Size

flag—m =y +e and flg+h)=n+e,

' y1=y-1
i) &= —,,h‘-'—.

£ = LI 4 E(A ),

Erf. h) = Emund(f1 h)+ Em.mc(f- h)

e h""’fr-‘!:'(cj
T 2h 6

If le_;] < €, |e1] < €,and M = maxg<x<s{| ' (x)]);

e Mi? 3¢\ 13
< —4+—, | (52
|E(.f.|’1)|_h+ 3 h (M) .
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Error bound

4 % 10-6

R
2% 1078 -

Error Analysis and Optimum Step Size

3¢ 1/3
h= (—E) .
M

0.002

0.004

Higher order derivatives

h? Fix)

F"(x) of order O (h?)

Py ht W
= :

Adding equations (1) and (2)

(3) flx++ flx—h=2f(x)+

Solving equation (3) for f"(x) yields

(1) (x+ny = fx)r+hf'(x)
) flx+hy = flxy+hfxy+ 2 7 Y
and
: . : _ " ey R r@m it o
(2 (x —h)y= f(x)—hf'(x) - - — =
) ) = f(x) F+ ) 6 24

202 (x) 20t W ()

2 24

Jlx+h)y=2f(x)+ fix—1) 2:‘;3;’[4][_1'}

AL
{(X)
e h2

4!
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Table 6.3  Central-Difference Formulas of Order O (h?)

trgy e LI
U T
i —2 + —
f(xg]xfl f; o
3 h=2h+2f -
f[ ]UD]’VT
fO g n 2zt —df+f

ht

Table 6.4  Central-Difference Formulas of Order @ (h4}

—hA8fI=8f_ +f

I eay™ 12
wo o —hH+16f =30fg +16f_| —f >
[ (x0) T
Ghppymy 38R —3A+F13F ) —8f 5 +F 5
[ () e
FO () w0 —HH12H -390 4560 - 397 +12f 0 —f 3

aht

Table 6.7 Forward- and Backward-Difference Formulas of

Order 0 (h*)
o 3ft4hi- forverd

AL E (diﬁ‘erenca)
O (i)
pegxmbiisi (00

O g ~5fo+18f; -22:;& +14f3 =33

D) Sfo—18f_1 + 142_;_1 —14f 3+3f4

fm,{xu)%a;n - 14f) +26f2l:;24f3 +11fy - 255

190 o= 1411 +26f 2 :4;_3 +11f 4 —2f s
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(3) Tx) =
) 7 2h

(10) flixy =

Fle+hy— flx—h)

Richardson’s Extrapolation

—flx+2h)+8f(x+h)y—8f(x —h)y+ flx —2h)

12h

Write (3) for step sizes #7and 24

(27) f'(x0) & Do(i) + Ch?
and
(28) f'(xo) = Do(2h) 4 4Ch2.

terms involving C cancel and the result is

If we multiply relation (27) by 4 and subtract relation (28) from this product, then the

Hf—r -t

(29) 3 f'(xp) = 4Dg(h) — Do(2h) = 57

Next solve for f'(xg) in (29) and get

(30) f(xg) &~

4Doth) — Do(2h)  —f2+8f1 —8f-1+ [

3 12h

The last expression in (30) is the central-difference formula (10).

Dty — (1= 1) .~ FO8D — £(079)
o) = ‘lm‘ 1 Dgr!]z\,i&m
Doy = Jr—f=2 .. f(0.82) — f(0.78)

T Do(2h) ~ ——or——
, 4Dg(h) - Dy(2h)
f08) s ————— 2 _(,717356108,

3

—flx+2h) +8f(x+h)—8f(x —h)+ flx —2h)

") =
e 12h

F0.82) + 8 (0.81) - 8£(0.79) + f(0.78)

0.12

Example 6.3. Let f{x) = cos(x)

h=0.01

F10.8) ~ — 2 —0.717356108.
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Theorem 6.3 (Richardson’s Extrapolation). Suppose that two approximations of
order O (™) for f'(xg) are Dg_y(h) and Dy_;(2h) and that they satisfy

(34) f'(x0) = D=1 () + crth™ + cah™F2 4.
and
(35) f'(x0) = Dy_y (2h) + 45c ¥ 4 A5 epp® 24

Then an improved approximation has the form

4"Dk_1[h b= D1 (2h)
4k — |

(36) f'(xg) = Dy(h) + 0¥+ = + 0h*F?),
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