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This exam contains 8 pages (including this cover page) and 5 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books, notes, or electronic devices on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

• Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat-
tered all over the page without a clear ordering
will receive very little credit.

• Mysterious or unsupported answers will not
receive credit. A correct answer, unsupported
by calculations, explanation, or algebraic work will
receive no credit; an incorrect answer supported
by substantially correct calculations and explana-
tions might still receive partial credit. An answer
with irrelevant, wrong or unnecessary info will
lose credits.

• If you need more space, use the last page; clearly
indicate when you have done this.

Do not write in the table to the right.

Problem Points Score

1 20

2 10

3 15

4 20

5 20

Total: 85
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1. Solve the following problems by setting up the Lagrangian. Report x⇤ and �⇤.

(a) (10 points) max
{x1,x2}

(x1 + 2)(x2 + 1) subject to x1 + 2x2 = ↵

(b) (10 points) max
{x1,x2}

2x1 + 3x2 subject to x21 + 5x22 = ↵
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2. We define the value function as V (x1, x2) = max
{x1,x2}

f(x1, x2) s.t. x 2 x(✓) where x(✓) is the

constraint set. i.e. V (x1, x2), is the maximize value of f where x1 and x2 are the optimal
values.

(a) (6 points) Find the value function in terms of parameters and other variables (if necessary)
in question 1a).

(b) (4 points) Find the change in the value function V with respect to ↵. Evaluate this change
for ↵ = 1

d
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3. Consider the objective function in 1a)

(a) (5 points) Is it concave, convex, strictly concave or strictly convex? Use Hessians.

(b) (10 points) Find out if the function f(x, y) = �x2�y3 is concave, convex, strictly concave
or strictly convex for all x and y? If not find the regions for which it is. Use Hessians.
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4. Assume prisoners from earth, on a remote and weird planet, where resources are scarce, have
the following preferences. u = ln(x1�c1)↵+ln(x2�c2)� where c1, c2 > 0 just-below-subsistence
levels of consumption for x1, crystalline carbohydrates, and x2, crystalline proteins respectively,
Specifically, the prisoners on the planet starve to death if x1  c1 or x2  c2 or both.

(a) (5 points) Find MRS between x1 and x2 for an alien consumer.

(b) (10 points) A spaceship arrives from earth. An entrepreneur sets up a small workshop in
which he makes prisoners work. Specifically he makes sure the sum of output of proteins
and carbohydrates, x1 + x2, is equal to Q and sends half of it back to earth. Show that
for the prisoners at the optimum lim

x2!1
(x1
x2
) = ↵

� .

(c) (5 points) Assume now, the production of carbohydrates takes place according to f(x1, x2) =
x0.41 x0.62 and the production of proteins takes place according to g(x1, x2) = x0.61 x0.42 (i.e.
carbohydrates and proteins are used both as inputs and as outputs). Suppose the en-
trepreneur wants to maximize x1 + x2 minus costs where the price for each output is 1
and costs are linear, r1x1 + r2x2 where r1 and r2 are input prices. Assume for positive x1
and x2 profits are positve. Do only one of these things: Find the optimal levels of x1
and x2 if they exist. Comment on the relationship between x1 and x2. OR explain the
reason why a solution does not exist.

i
prisoner
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Use this page for calculations
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5. Assume before the invention of finance, a consumer in Aizanoi (an ancient town near Cav-
darhisar, Kutahya) has the utility function U(x1, x2) = lnx11+ lnx21+�(lnx12+ lnx22) where
xit is the amount of good i = 1, 2 consumed in period t = 1, 2 and 0 < � < 1 The prices of
the goods are p1 and p2 and are constant. The consumer’s income in period t is It, and not
necessarily equal in both periods (I1, I2 not necessarily equal).

(a) (10 points) Assume first that a consumer is paid at the beginning of each period It and the
consumer spends out of this amount. In other words, the consumer has separate budget
constraints in each period. Write down budget constraints for each period and solve the
optimization problem of maximizing utility given above by choosing x11, x21, x12, x22.

(b) (10 points) Now the world’s first financial market is established in Aizanoi by Emperor
Diocletian. Now it is possible to borrow or lend income between the two periods at a fixed
interest rate r. Specifically, the consumer can earn (1 + r)(I1 � p1x11 � p2x21) out of the
amount she saves in the first period. Write down the new budget constraint in the second
period. Show that the consumer cannot be worse o↵ as a result of this by calculating the
value function as defined in question 2.
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