
EC 223 Fall 2019 Problem Sessions Mathematics for Economics. Instructor: Ozan Hatipoglu.

Question 1

Find the slope of the isoquant for the following production function: F (K,L) = AK1/2L3/4

Question 2

Find the slope of the preference schedule and MRS between C1 and C2 for the following utility function: U(C1, C2) =

C
1/2
1 C

3/4
2

Question 3

Find the the maximum value that f attains if it exists
i) f : [0, 1] → R, f(0) = 1, f(1) = 1 andf(x) = 4x for x ∈ (0, 1)
ii) f : [0, 1] → R, f(x) = 2x for 0 ≤ x ≤ 1/2 and f(x) = 1 for 1/2 < x ≤ 1
iii) is the function in ii) invertible?
iv) Consider the following set S := {x : x3 < 3 and x ∈ Q}. Is S bounded from above? Is S bounded from below?
Does supS exist? Does inf S exist?

Question 4

Consider the following demand function Q = 5P−2
1 P

3/2
2 where Q is the demand for good 1 and pi is the price for

good i, for i = 1, 2. Suppose the prices are p1 = 5 and p2 = 10

i) Find the current demand for good 1

ii) Suppose p1increases by 0.1 and and p2 decreases by 0.1. Find the the total effect on Q by using the total derivative.

iii) What is the price elasticity of demand for good 1 at current prices?

Question 5

A student is preparing for her exam in two courses. She estimates the grades she will get in each course as a function
of time spent working on them are as follows: g1 = 20+20

√
t1 and g2 = −80+3t2. Her aim is to maximize her GPA

given by (g1 + g2)/2. She will speend exactly 60 hours on studying.
i) What is the objective function?

ii) What is the constraint set?
iii) What are the choice variables?
iv) Define the maximization problem.
v) Find the optimal levels of hours she is going to spend on each course.

Question 6

Determine if the following functions are homogenous. If so, find the degree.
i) F (K,L) = AK1/2L3/4

ii) F (K,L) = (K1/4 + L1/4)8

iii)F (K,L) = 1
2 ln(x1) +

1
2 ln(x2)

Question 7

Show that if a continuously differentiable function f(x) is homogeneous of order k than f ′(x) is homogeneous of
order k − 1
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Question 8

Suppose the demand for apples is given by Q = 10− 0.2P .
i) Find the price elasticity of demand, P,Q

ii) Find a price-quantity combination where the price elasticity of demand is unity.

Question 9

A quadratic profit function is given by Π = aQ2 + bQ+ c and needs to reflect the following assumptions.
i) If nothing is produced, profit will be negative because of fixed costs.
ii) Π is strictly concave
iii) Maximum profit occurs at a strictly positive output level.

Find the parameter restrictions so that all of the above assumptions hold.

Question 10

The profits of two insurance companies, TAXA (T) and BALLIANZ (B) depend upon the firms own advertising
budgets and the advertising budget of the competitor as follows:

ΠT = 1000AT −A2
T − 1

2A
2
B

ΠB = 1000AB −ABAT −A2
B

where ΠT and ΠB represent the profits for each firm and AB and AT represent advertising budgets.
i) Suppose initially each firm considers the other firms’advertising budget as an exogenous parameter. Find the

optimal advertising budget for each firm and each firm’s profits.
ii) Suppose, two firms merge but keep separate brands and the new CEO tries to maximize the joint profits,

Π = ΠT +ΠB .
iii) Determine if the merger was a good idea.

Question 11- Political Economy

In the Pineapple Republic the population is 5 all of which are eligible to vote. The current government consists of two
people; the prime minister and the culture minister. The remaining three people are unemployed. In fact,the only
way of getting employed is to be a member of the government. The number of votes a party can win, V, depend on
the number of unemployed people, U, and the number of people eligible to vote, P. The election system in Pineapple
Republic is such that the votes are counted in the following manner. V (P,U) = P − U2 ( i.e. the maximum votes,
a party can get, is P) In order to get reelected the government has to win a positive vote and at least 50% of the
maximum votes available. Suppose just prior to the election the prime minister, Hatipzan Ozoğlu, assigns one of the
unemployed as the foreign minister
i) Can the government win the election?
ii) What is the maximum rate of unemployment (i.e U/P ) in the Pineapple republic at which the Hatipzan’s
goverment can still win the election?

Question 12 - Shape of Utility Functions

i) Show that U(x1, x2) = xa
1x

b
2 and U(x1, x2)

k where x1, x2 > 0 represent the same preferences.
ii) Show that the indifference curves for U is downward sloping and strictly convex to the origin.
iii) Let a = 1/2 and b = 2/3 and. Find if U is concave or convex (strictly concave or strictly convex) for all x. If not
find the region(s) in which f is concave or convex (strictly concave or strictly convex)
iv) Redo iii) if x1, x2 ≥ 0?
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Question 13 - Game of Thrones

On a remote island the queen (aka Daenerys Targaryen) wants to increase aggregate demand by printing money.
She summons the High Council for a meeting. From her past experience she knows that the amount of percentage
increase in nominal money supply growth, m, is related to the yearly inflation rate, i, as follows i = βm + 0.02,
where β > 0. Master of Coin (aka Littlefinger) informs the queen that the central bank targets 4% yearly
inflation. He tells her ”If this target is not met there will be uprising and chaos among peasants and the output will
be appropriated by thugs and thiefs. The amount lost in our production will be (i− 4%)2q such that the output can
be calculated as q(1− (i− 4%)2) where q is the output if we hit our target.”

The Master of Whisperers, Varys, on the other hand, tells the queen ”Your highness, if you don’t maximize
output no matter what the inflation is, Cersei Lannister will activate her sinister plans against you and unfortunately
she has the backing of your army. I have calculated that the output is given by q = m1/2 out of which we have to pay
1/2m to the soldiers by converting some of our output into money so that our total output is q = m1/2 − (1/2)m. If
we pay we will lose some output but there will be no problems.”

The queen decides to maximize output by taking into account the information she obtained from the Council.

i) Suppose the queen agrees with Littlefinger. Calculate the optimal money supply growth rate when β = 1 and
when β = 2.
ii) Suppose now the queen agrees with Varys. Calculate the optimal money supply growth rate.

iii) Calculate the percentage loss in output if the queen agrees with Varys, but Littlefinger was right when β = 1.

iii) Calculate the percentage loss in output if the queen agrees with Littlefinger, but Varys was right when β = 1.

iv) Who should queen trust in your opinion (open-ended)?

Question 14 -Linear Algebra

i) Are the following independent?

v1 =




1
4
6



 , v2 =




0
−2
8



 , v3 =




1
−1
4





ii) Suppose now you set up a partitioned-matrix A, consisting of v1 and v2 and v3 such that A = [v1 |v2 |v3]. Find
the rank of A.

iii) Solve the following equation systems by Gaussian elimination (i.e. row reduction) to reduced echeleon forms.
Determine if the system is consistent or inconsistent, under-determined(=under-identified), over-determined (=over-
identified) or just determined (=just-identified)?
1)
x1 + x2 = 4,
2x1 + 4x2 = x1 − 6
2)
x1 + x2 = x3 − 1,
2x1 + x2 = x2 − 1
4x3 − 2x2 = x1

3) x1 + x2 = 4x3 − 4,
2x1 + x2 = −x3 − 1
17x3 − 3x2 = 2x1 + 15

iv) Find the eigenvalues of the following matrices and find the associated eigenvectors. Calculate the determi-
nant and trace of each matrix.

A =


1 2
4 2


, B =


1 −2
0 2



v) Solve the equation system in 1iii)- 1) by matrix inversion.
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vi) Are the following matrices full rank?

A =




1 2
4 3
6 5



, v2 =




0
−2
8



 , v3 =




1 1 2
−1 0 1
4 8 6





Question 15 - Art of Optimization

Consider the following maximization problem

max
{x,y}

2x3 − 3x2 s.t. (3− x)3 − y2 = 0

i) Show that a solution exists despite the Lagrange method does not provide the real solution (i.e. find the Lagrange
solution, find the real solution and compare). Explain why this is the case. Set up the bordered-hessian and check
if the solution is max.
ii) Now consider the following,

max
{x1,x2}

x3
1 + x3

2 s.t. x1 − x2 = 0

Check the rank condition, (i.e. the rank of first partials of constraint set is full). Is it met? Does a maximum exist?
iii) Consider now the following

max
x,y

−y s.t. x2 = y

Does Weierstrass theorem hold? Find a solution if exists. Can we say, if a solution exists, Weierstrass theorem is
not a necessary condition? Set up the bordered-Hessian. Check if the solution is max.

iv) Check if the following problems satisfy the requirement of global optima by checking the quasiconcavity of
objective function and quasi-convexity of constraint set. Solve the problems. Check if the the solution is a max or
min by checking the bordered-hessian.

1) max
{x1,x2}

2x1 + 4x2 s.t. x0.25
1 x0.75

2 = 10

2) min
{x1,x2}

2x1 + x2 s.t. (0.2x−0.5
1 + 0.8x−0.5

2 )−2 = 1

Question 16 -Difference Equations

i) Solve the following difference equations. Determine the steady state if it exists. Determine if the dynamics is
convergent, divergent, monotonic or oscillatory. Find the value of x for t=3.

1) xt = − 1
4xt−1 +

5
4 , x0 = 0

2) 1
2xt =

3
8xt−1 +

7
8 , x0 = −4

ii) Solve the following difference equation.
xt+2 = 1

20xt+1 +
1
20xt + 180 , x0 = 200, x1 = 90

Question 17 -Linear Algebra 2

i) Using only the eigenvalues of the following matrices find the trace and the determinant of each matrix. Find
associated eigenvectors. Calculate the determinant and trace of each matrix. Find the inverse of each matrix.

A =


1 4
4 3


, B =


2 −2
0 2



v) Using Cramers Rule find x2 in each equation system.
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i)
x1 + x2 = 4x3 − 6,
4x1 + x2 = −x3 − 1
17x3 − 3x2 = 2x1 + 18

ii)
x1 + x2 = 4,
2x1 + 4x2 = x1 − 6

Question 18 -Inequality Constrained Optimization

i) Consider the following optimization problem: A customer solves the following utility maximization problem, where
x and y are two non-negative goods, whose prices are 4 and 5, respectively and 100 is her income.

max
{x,y}

x+ xy subject to: 4x+ 5y ≤ 100

1)Check the constraint qualification for Kuhn-Tucker procedure and write down the number of effective constraints
required so that Kuhn -Tucker theorem can be utilized.
2) Write down the problem and solve it.

ii) Suppose a politician has a maximum of 8 hours of work time, h, to earn income for which he is paid w Turkish
Liras per hour and the rest he can devote to political campaigns to increase his share of votes, V , which is is given

by (8−h)
8 . He is trying to maximize his utility which is given by U(V, h) = a ln(2V ) + (1− a) ln(wh) where a denotes

the importance of vote share in his utility. He chooses his work time, h to maximize his utility, where h ≤ 8 and V
is as above.
1) Express the optimization problem in correct notation.
2) Fill the following table.

Life Choice V
a=1/4
a=1/2
a=1

Table 1: Work Life of a Politician and His Vote Share

3) Find the marginal effect of wages on the value function.

Question 19 -Difference Equations and Matrix Algebra

Suppose according to data in a country with two large cities the probability that a person who lives in the city i will
move to the city j next period is given by the following matrix, Aij . You can also think of probabilities as shares of
the population moving form city i to j. For example, the share of the population who will remain in city 1 is 80%
and in city 2 it is 90%, the share that will move from 1 to 2 is 20%, etc.

Aij =


0.8 0.2
0.1 0.9


,

the population distribution in the country is given by Pt+1 = APt where each element i of P2x1 is the population

in city i. Suppose the population at the beginning is given by P0 =


10
6


,

i) Find the steady state population in each city.
ii) Suppose now a war breaks out such that in each period some people in city 1 can emigrate out of the country
but people in city 2 are not allowed to leave the country but only to move to city 1 or remain in city 2 such that
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Aij =


0.8 0.1
0.1 0.9


,

Find the steady state population in each city.

Question 20 -Investment Under Certainty and Investment Under Un-
certainty

Consider a small to medium size enterprise (SME) trying to decide on making an irreversible investment in a toy
factory in the amount of I0. The price of toys are given by P0, the amount of toys that can be sold each period is n
and the ongoing interest rate is r.
i)Find the condition for which this investment is profitable.
ii) Now assume a fluctuation starts in prices starting after the initial period given by the following probability
distribution. Price will be pH (high) with probability α and the price will be pL (low) with probability (1 − α).
Calculate the NPV of this investment at the start of period 0.
iii) What is the effect of a small increase in α on NPV in ii)
iv) Assume the firm has the option to postpone the invest or not invest decision to period 1 to see if prices go up or
down and invest only if prices go up. What is the NPV at the beginning of period 0
v) Solve ii)-iv) when α = 0.5 and p0 = 4,pH = 8, pL = 2, n = 10 and I0 = 10
vi) Suppose now I0 changes. Find the value of I0 for which the firm is indifferent between investing now and waiting
1 period.
vii) Assume now there is an increase in price risk such that prices are pH∗ > pH and pL∗ < pL. How does this
change the decision of the firm to wait? Solve for pH∗ = 32, pL∗ = 1

Question 21 -Inequality Constrained Optimization

i)Consider the following problem
max
{x,y}

−x2 − y2 + 20x− 4y

subject to:
−x− y2 + 9 ≥ 0,
x2 + y2 − 26 = 0 and
x ≥ 0

1)Check the constraint qualification for Kuhn-Tucker procedure and write down the number of effective constraints
required so that Kuhn -Tucker theorem can be utilized.
2) Solve the problem.
3) Find the effect of changing the term 26 to 26.1 in the second constraint on the value function using the envelope
theorem.

Question 22 -Dynamic Optimization

Consider the problem of a finitely lived firm with the profit function Πt = F (Kt, Lt)−wLt − It such that its NPV is

given by the present value of the sum of profit flows each period,
T

t=0
( 1
1+r )

t(F (Kt, Lt)−wLt − It) where FK , FL > 0

and FKK , FLL < 0 The manager tries to solve the following problem given K(0) = K0

max
{Kt+1,Lt}

T
t=0

( 1
1+r )

t(F (Kt, Lt)− wLt − It) subject to Kt+1 = (1− δ)Kt − It

i) What is a no Ponzi condition for this problem?
ii) What are the control and state variables?
iii) Solve the problem.
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