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[Received on 23 September 2008; accepted on 18 January 2009]

We define the focusing and the defocusing cases for the purely elliptic generalized Davey–Stewartson
system. These cases are mutually exclusive and exhaustive and therefore close the gap that was left in the
previous studies. In the defocusing case, all solutions exist globally. In the focusing case, any initial data
can be scaled to one with negative energy. The solution with the scaled initial data then blows up in finite
time. We also show the existence of standing waves and the global existence and scattering of solutions
with subminimal mass. Our results equally apply to the elliptic almost-cubic non-linear Schrödinger
equation as described in Eden & Kuz (2009,Commun. Pure Appl. Anal.).
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1. Introduction

The generalized Davey–Stewartson (GDS) system was introduced byBabaŏglu & Erbay(2004) while
studying the wave propagation in an elastic medium with coupled stresses. These equations in non-
dimensional form are given by

ivt + δvxx + vyy = χ |v|2v + b(φ1,x + φ2,y)v,

φ1,xx + m2φ1,yy + nφ2,xy = (|v|2)x,

λφ2,xx + m1φ2,yy + nφ1,xy = (|v|2)y,

whereχ, b,m1,m2, n andλ are real constants andδ = ±1. The physical constants satisfy(m2 −
m1)(λ − 1) = n2. Here,t is a non-dimensional time variable,x and y are spatial variables,v is the
complex amplitude of the short transverse wave mode in thez-direction andφ1 andφ2 are the real
long longitudinal and the long transverse wave modes in thex- and y-directions, respectively. These
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equations are called the GDS system as they reduce to the original Davey–Stewartson (DS) system
under the non-linear transformationΦx = φ1,x + φ2,y − 1

m1
|v|2 whenn = 1 − λ = m1 − m2.

The GDS system was classified as elliptic–elliptic–elliptic whenδ = 1 and the physical parameters
m1,m2 andλ are all positive inBabaŏglu et al. (2004). In this purely elliptic case, the GDS system can
be reduced to a single equation

ivt +Δv = χ |v|2v + bK(|v|2)v (1.1)

using a non-local termK which in terms of the Fourier variablesξξξ = (ξ1, ξ2) 6= (0, 0) is given by
K̂ ( f )(ξξξ) = α(ξξξ) f̂ (ξξξ), where the symbolα(ξξξ) has the form

α(ξξξ) =
λξ4

1 + (1 + m1 − 2n)ξ2
1ξ

2
2 + m2ξ

4
2

λξ4
1 + (m1 + λm2 − n2)ξ2

1ξ
2
2 + m1m2ξ

4
2

. (1.2)

In (1.1), the operatorΔ is the 2D Laplacian andm2 > m1 > 0 andλ > 1, which will be assumed
throughout this paper together withn2 = (m2 − m1)(λ− 1).

The symbolα(ξξξ) has the obvious but important properties (Babaŏglu et al., 2004):

(P1) it is even and homogeneous of degree 0 and classC∞(R2 \ {(0, 0)}),
(P2) 06 α(ξξξ) 6 αM = max{1, 1/m1}.

Starting fromGlassey(1977) there is an extensive literature on the non-existence of global solutions
for non-linear Schr̈odinger (NLS)-like equations, see, e.g.Bourgain(1999), Cazenave(1994, 2003),
Strauss(1977), Sulem & Sulem(1999), Tao(2006) and the references therein. Existence and stability
of standing waves for NLS-like equations including DS system have also been treated in many papers,
e.g.Berestyckiet al. (1983), Berestycki & Lions(1983a,b), Cipolatti (1992, 1993), Papanicolaouet al.
(1994), Strauss(1977, 1989) and Weinstein(1983). On the other hand, global existence and global
non-existence results for the initial-value problem for the purely elliptic GDS system were obtained in
Babaŏglu et al. (2004) andEdenet al. (2008) for different parameter regimes.

The global existence of solutions with anH1-initial dataϕ is made possible when the conserved
quantity corresponding to energy (Hamiltonian)

E(v) =
∫

R2

(
|ξξξ |2|̂v|2 +

1

2
(χ + bα(ξξξ))| f̂ |2

)
dξξξ, (1.3)

where f = |v|2, controls theL2-norm of the gradient of the solutions. TheL2-norm of the solutions
represents mass which is also conserved. Combining these two facts allows one to control theH1-norm
of the solutions and then the solutions can be continued indefinitely. Some sufficient conditions were
given in Babaŏglu et al. (2004) on the parameters so that the energy and mass can dominate theH1-
norm of the solutions. The analysis done inBabaŏglu et al. (2004) was improved inEdenet al. (2008)
and the parameter range was extended.

On the other front, the blow-up solutions for the GDS system started by establishing the virial
identity in Babaŏglu et al. (2004), by a standard argument, as inGlassey(1977), turns out that if an
initial dataϕ in Σ = H1 ∩ L2(|x|2 dx) can be found with negative energy, i.e.E(ϕ) < 0, then in finite
time the solution must blow up. The blow-up argument rests on finding such an initial datum. Both in
Babaŏglu et al. (2004) and inEdenet al. (2008), initial data of the formϕ(x, y) = exp(−x2 − y2)
were considered. Sufficient conditions on the parameters were given inBabaŏglu et al. (2004) so that
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the initial data of the desired form can have negative initial energy. Again by improving the analysis
done there, the conditions on the parameters to have a blow-up were weakened inEdenet al. (2008) to
cover a wider range. However, even after the more careful analysis, a gap remained where neither global
existence nor blow-up can be established. In this paper, we finally close this gap and establish two
mutually exclusive conditions on the set of parameters such that in one case, allH1-initial data result in
global existence, while in the other case, any initial datum inΣ can be scaled to an initial datum which
has a negative energy whence the solution must blow up in finite time. Our improvement comes from
the realization that the initial data must be taken to adhere to the particularities of the symbolα and need
not be of purely exponential form.

A summary of the parameter regions for which global existence, non-existence and existence of
standing waves were established and could not be established can be given as follows. InBabaŏglu
et al. (2004), it was shown thatχ < min{−bαM , 0} andχ > max{−bαM , 0} cases correspond to blow-
up and global existence regions, respectively. This classification leaves the regionsχ ∈ [−bαM , 0) for
b > 0 andχ ∈ [0,−bαM ) for b < 0 without any verdict. InEden & Erbay(2006), it was also shown
that forχ < min{−bαM , 0} there exist standing wave solutions. Then, the undecided region was made
smaller inEden & Topalŏglu (2008) by weakening the condition for existence of standing waves to
χ < −b or χ < −b/m1. This is, if either condition holds true, then there exist standing waves. This
attempt could not close the gap whenb > 0 though did shorten it. Nonetheless ifb < 0, the argument
in Edenet al. (2008) closes the gap.

The demarcation between global existence and blow-up of solutions becomes clearer if we consider
a more general class of initial-value problems that we call the almost-cubic non-linear Schrödinger
(ACNLS) equation inEden & Kuz(2009). This class of ACNLS equations contains purely elliptic cases
of DS and GDS systems and is given by

ivt +Δv = K (|v|2)v,

which we discuss in more detail in Section2. Sign of the symbol of the non-local operatorK plays the
main role in both global existence and global non-existence. It will be shown that when this symbol is
non-negative, then solutions exist globally inH1. Conversely, if this symbol becomes negative even at
one point, then by a suitable transformation of the initial condition its energy can be made negative so
that the solution of the initial-value problem corresponding to the transformed initial data blows up in
finite time.

Another important feature of the purely elliptic GDS system is the existence of standing waves and
this was discussed in various papers such asBabaŏglu et al. (2004), Eden & Erbay(2006) andEden &
Topalŏglu (2008). Looking for the standing wave solutions,v(t, x, y) = exp(iωt)u(x, y) with u ∈ H1

reduces (1.1) to

−Δu + ωu = −χ |u|2u − bK(|u|2)u. (1.4)

In the papers mentioned above, different scalings and partial scalings of the Lagrangian

Lω(u) =
1

2
‖∇u‖2

2 +
b

4
B(|u|2)+

χ

4
‖u‖4

4 +
ω

2
‖u‖2

2, (1.5)

where B( f ) :=
∫
α(ξξξ)| f̂ |2 dξξξ , were implemented to establish the existence of standing waves. We

should note that a non-zerou solves (1.4) if and only if it is a critical point of the Lagrangian (1.5).
Before explaining the scalings, we state the regularity of the solutions of (1.4).
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THEOREM 1.1 If u ∈ H1 is a weak solution of (1.4), then the following hold:

(i) u ∈ W2,p for all 26 p < ∞,

(ii) lim
|x|→∞

K (|u|2)(x) = 0,

(iii) u ∈ C2,

(iv) there exist positive constantsC andν such that

eν|x|(|u(x)| + |∇u(x)|) 6 C, for all x ∈ R2.

Proof of this theorem for the DS system can be found inCipolatti(1992) and for the GDS system, see
Topalŏglu (2007). The proof given inTopalŏglu (2007) equally applies to the elliptic ACNLS equation.

Scalings used inEden & Topalŏglu (2008) are of the kind

ua,b(x, y) := sau(sbx, sby), for somes> 0, (1.6)

and

uc(x, y) := c1/4u(cx, y), for somec > 0. (1.7)

Especially important is how these transform theB(|u|2) part of Lω(u). It is straightforward to check
that

B(|ua,b|
2) = s4a−2bB(|u|2) and B(|uc|

2) =
∫
α(cξ1, ξ2)|(̂|u|2)(ξ1, ξ2)|

2 dξξξ,

the latter of which has the following nice asymptotic properties:

lim
c→∞

B(|uc|
2) = ‖u‖4

4 and lim
c→0+

B(|uc|
2) =

1

m1
‖u‖4

4 (1.8)

granted by the Lebesgue dominated convergence theorem and the Plancherel identity. These asymptotic
behaviours highlight the fact that the non-linearityK (|u|2)u is asymptotically very similar to|u|2u
under various scalings.

Separating the LagrangianLω(u) as the difference of kinetic and potential energies, we set

T(u) := ‖∇u‖2
2 and V(u) := −

b

4
B(|u|2)−

χ

4
‖u‖4

4 −
ω

2
‖u‖2

2

to give usLω(u) = 1
2T(u)− V(u) which then is to be minimized onH1 with u 6= 0. Critical is the set

Σ0 := {u ∈ H1: u 6= 0,V(u) = 0} where the standing wave solutions must reside in as a consequence
of Pohozaev-type identities. Main result ofEden & Topalŏglu (2008) is Σ0 6= ∅ and if furthermore
ω > 0, then minimum ofLω(u) onΣ0 is positive.

The main motivation of this paper is the observation that the proof given inEden & Topalŏglu
(2008) for existence of standing waves essentially depends on non-voidness ofΣ0, and by considering a
different scaling, one can close the gap between non-existence and existence of standing waves. Namely,
for every value of parameters, we can exactly determine when solutions of the initial-value problem
globally exist and when they may blow up in finite time and show moreover that possibility of a blow-
up occurs when and only when standing waves exist.
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The paper is organized as follows. In Section2, we summarize the results on local-in-time existence
and uniqueness of solutions for the initial-value problem for the ACNLS equation in various function
spaces given inEden & Kuz(2009) briefly as well as the validity of the relevant conserved quantities
such as energy, mass and of the virial identity. We also give the global existence result in the defocusing
case for the ACNLS equation in this section. In Section3, we introduce a different scaling than the
scalings (1.6) and (1.7) that contains an arbitrary non-zero parameterc together withs. Section4 is
devoted to the elliptic GDS system for which a complete demarcation of focusing (blow-up) and defo-
cusing (global existence) cases is given in terms of the sign ofχ + bα, whereα is given by (1.2). We
furthermore prove that only in focusing case we have the existence of standing waves by improving the
work done inEden & Topalŏglu (2008). We reconsider the ACNLS equation in Section5 and prove that
blow-up occurs exactly as a counter-part of global existence and scattering, and standing waves exist
whenever blow-up may occur. In Section6, we improve the argument given inEden & Erbay(2006) for
the elliptic GDS system to deduce an alternative proof for the existence of the standing waves for the
elliptic ACNLS equation in the focusing case. This rendition of Weinstein’s (1983) idea is inspired by
the work of Tao (2006, Appendix B). We then investigate the parameter regimes and discuss how the
gap is closed in Section7. Section8 will discuss and compare our results with previous results on the
elliptic GDS system.

2. The elliptic ACNLS equation

In Eden & Kuz(2009), the Cauchy problem under consideration is

ivt +Δv = K (|v|2)v,

v(0) = ϕ,
(2.1)

wherev: R× R2 → C and K̂ ( f )(ξξξ) = αac(ξξξ) f̂ (ξξξ), for f ∈ L2, αac ∈ C∞(R2 \ {(0, 0)}) being even
and homogeneous of degree zero. Note that the GDS system can be written in the form of (2.1)1 with
αac(ξξξ) = χ + bα(ξξξ), whereα(ξξξ) is given by (1.2). Regarding (2.1)1, the formal computations have
shown that the following quantities, mass and energy, are conserved:

M(v)=
∫

R2
|v|2 dx dy,

E(v)= ‖∇v‖2
2 +

1

2

∫

R2
K (|v|2)|v|2 dx dy.

The latter follows from the evenness of the symbolαac. Moreover, a virial-type identity was obtained:

d2I

dt2
= 8E(v), (2.2)

for the second moment of inertiaI = ‖|x|v‖2
2. In order both to justify the formal computations and to use

the conserved quantities in the appropriate spaces for the global existence and blow-up results, (2.1) was
considered inL2, H1, Σ = H1 ∩ L2(|x|2 dx) and H2 by fixed-point arguments, utilizing Strichartz’s
estimates, similar to done inCazenave(2003), Ghidaglia & Saut(1990) andKato (1987). The trilinear
estimates satisfied by the non-linearity (Eden & Kuz, 2009, 3.1, 7.2-3) allow one to modify the argu-
ments given for the local non-linearities (especially purely cubic power) and DS system (Ghidaglia &
Saut, 1990; Kato, 1987). These results can be stated as follows (Eden & Kuz, 2009, Theorems 4.4 and
5.2).
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THEOREM 2.1 Givenϕ ∈ H1, there exists a unique maximal solutionv solving (2.1) on [0, T∗) in
C([0, T∗); H1) ∩ C1([0, T∗); H−1) with the following properties:

(i) ∇v ∈ L4([0, t ]; L4) for everyt < T∗;

(ii) T∗ < ∞ implies that‖v‖L∞([0,T∗);H1) = ∞;

(iii) if ϕn → ϕ in H1 andvns are the corresponding solutions, then for anyI b [0, T∗) and for any
n sufficiently large,vns are defined onI andvn → v in C(I ; H1);

(iv) (Mass and energy conservation)‖v(t)‖2 = ‖ϕ‖2 andE(v(t)) = E(ϕ) for 06 t < T∗.

THEOREM 2.2 Givenϕ ∈ Σ , there exists a unique maximal solutionv solving (2.1) on [0, T∗) in
C([0, T∗);Σ) ∩ C1([0, T∗); H−1) with the following properties:

(i) |x|v,∇v ∈ L4([0, t ]; L4) for everyt < T∗;

(ii) T∗ < ∞ implies that‖v‖L∞([0,T∗);Σ) = ∞;

(iii) [0 , T∗) coincides with the maximal interval of existence for theH1-solution in Theorem (2.1)
with initial dataϕ;

(iv) (Virial identity) t 7→ I (t) =
∫
R2 |x|2|v(t, x)|2 dx ∈ C2([0, T∗)) and for everyt ∈ [0, T∗),

I ′(t) = 4Im
∫

R2
(xvvx + yvvy)dx dy,

I ′′(t) = 8E(v(t));

(v) if ϕn → ϕ in Σ andvns are the corresponding solutions, then for anyI b [0, T∗) and for anyn
sufficiently large,vns are defined onI andvn → v in C(I ;Σ).

H2-results are important for the computations leading to conserved quantities since they provide us
with strong solutions for justifying the formal arguments. One can then invoke continuous dependence
on the initial data to obtain the conservations for the limit functions in the appropriate spaces. We refer
to Section 7 ofEden & Kuz(2009) for the local existence and regularity theory for (2.1) in H2.

With the local existence theory set forth by Theorems2.1and2.2 for (2.1)1, it is possible to obtain
global existence and blow-up results depending on the assumptions onαac or on the initial data.

THEOREM2.3 Suppose thatαac(ξξξ) > 0 for all ξξξ ∈ R2\{(0, 0)}. Then,H1-solutions of (2.1) are global.

Proof. Let f = |v|2 as before. We have

E(v(t)) = ‖∇v(t)‖2
2 +

1

2

∫

R2
αac(ξξξ)| f̂ |2(t)dξξξ . (2.3)

Equation (2.3) and conservation of energy imply that‖∇v(t)‖2
2 6 E(v(t)) = E(ϕ) for 06 t < T∗. By

mass conservation,‖v(t)‖2
H1 6 E(ϕ)+ ‖ϕ‖2

2 on [0, T∗) which givesT∗ = ∞ by Theorem2.1(ii). �
By theΣ-regularity, Theorem2.2(iii) this result extends toΣ-solutions as well.
Since I (t) = I (0) + I ′(0)t + 4E(ϕ)t2 for t ∈ [0, T∗) by Theorem2.2(iv) and considering the

conservation of energy, conditions on the initial data forcingI to attain negative values after a finite
time lead to a blow-up result for the solutions with initial data inΣ .

THEOREM 2.4 Letv be the solution of the Cauchy problem (2.1) with initial valueϕ ∈ Σ . If one of the
conditionsE(ϕ) < 0 or E(ϕ) = 0 and Im

∫
R2 ϕx ∙ ∇ϕ dx < 0 or E(ϕ) > 0 and−Im

∫
R2 ϕx ∙ ∇ϕ dx >√

E(ϕ)I (0) holds, thenT∗ < ∞ and so, as a result of Theorem2.1(ii), v blows up in finite time.
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Although a sharp demarcation of the focusing and the defocusing cases for (2.1)1 in terms of the as-
sumptions onαac could not be achieved, such a demarcation in terms of theL2-inner product(K (|v|2),
|v|2) was given inEden & Kuz(2009): either (i) there exists av ∈ Σ such that(K (|v|2), |v|2) < 0
(focusing) then suitably scalingv one can obtain an initial value with negative energy, and by The-
orem2.4, the corresponding solution inΣ blows up in finite time or (ii) for everyv ∈ Σ , one has
(K (|v|2), |v|2) > 0 (defocusing). From the proof of Theorem2.3, it follows thatH1-solutions are global
and by Theorem2.2(iii), Σ-solutions exist globally. The following sections will formulate this result for
the GDS system and ACNLS equation making use ofαac instead of(K (|v|2), |v|2) (see Theorems4.1
and4.3and Section5).

Immediate consequences of Theorems2.3 and2.4 are the stability of the zero solution of (2.1)1
and the instability of the standing wave solutions of the formv(t) = Reiωt , R being a non-trivial
solution of

ΔR − ωR = K (R2)R (2.4)

when it exists. Although these observations are new for the ACNLS equation, similar results have been
obtained inBabaŏglu et al. (2004) for the GDS system.

PROPOSITION2.5 Letαac > 0. Then, the zero solution of (2.1)1 is stable.

Proof. Let ε > 0. Considerϕ ∈ H1 satisfying‖ϕ‖H1 < δ for someδ > 0. As in the proof of Theorem
2.3, the corresponding global solution satisfies‖v(t)‖2

H1 6 E(ϕ) + ‖ϕ‖2
2 which in turn implies that

‖v‖2
H1 6 C1δ

2 + C2‖αac‖∞δ
4 using H1 ↪→ L4 and the assumption on the initial data. Choosingδ

accordingly gives‖v‖H1 < ε. �

PROPOSITION2.6 The non-trivial standing wave solutions of (2.1)1 are unstable.

Proof. Let R be as above. Then, it satisfies the regularity properties given in Lemma 2.2 ofEden &
Erbay(2006) which implies thatR ∈ Σ . By the virial identity,E(R) = 0. This makesE((1 + ε)R) =
‖∇ R‖2

2((1 + ε)2 − (1 + ε)4) which is negative forε > 0. Theorem2.4 implies that the corresponding
solutions with initial data(1 + ε)R blows up in finite time, which makes it impossible to bound their
H1-norms. �

REMARK 2.1 In the proof of (2.6), we also obtain that non-trivial standing waves can exist only in the
focusing case, i.e. only whenαac(ξξξ) < 0 for someξξξ for otherwiseE(R) cannot vanish.

Asymptotic behaviour of the solutions to the ACNLS equation was also considered inEden &
Kuz (2009) and scattering results inΣ were obtained. In brief, the existence and uniqueness theory
for the ACNLS equation allowed us, in the spirit ofCazenave(1994) for the cubic NLS equation, to
conclude that globalΣ-solutions have unique scattering states inΣ (i.e. for ϕ ∈ Σ with the corre-
sponding solutionu being global, there exists a uniqueu± ∈ Σ such that limt→±∞ S(−t)u(t) = u±
in Σ , where(S(t))t∈R represents the solution semigroup for the linear Schrödinger equation) if and
only if they are inL4(R; L4) (Proposition 6.2 and the remarks following it inEden & Kuz, 2009).
A sufficient condition for this bound was found to be thatC E(|u|) > ‖∇|u|‖2

2 should hold glob-
ally for some constantC 6= 0 (seeEden & Kuz, 2009, Theorem 6.3). Whenαac > 0, this trivially
holds for allΣ-solutions withC = 1. Forαac < 0, Σ-solutions with subminimal mass satisfy this
estimate (Eden & Kuz, 2009, Remark 6.4(iii)). In Section5, we will give a more detailed discussion
and state the related results in view of full demarcation of the focusing and the defocusing cases in
termsαac.
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3. A new scaling

Instead of using (1.6) and (1.7) which do not contain off-diagonal entries, we now transformx := (x, y)t

via a matrixA(s, c), which generalizes (1.7) but is not necessarily diagonal. Define

us,c(x) := | detA(s, c)|1/4u(A(s, c)x), with det(A(s, c)) 6= 0.

If we let f := |u|2 for brevity, it is easily seen that the Fourier transform off maps as

f̂s,c(ξξξ) =
1

| det(A(s, c))|1/2
f̂ ((A(s, c)t )−1ξξξ). (3.1)

Using (3.1), we get

B( fs,c) =
∫

R2
α(A(s, c)tξξξ)| f̂ (ξξξ)|2 dξξξ . (3.2)

We need to choose the 2×2 transformation matrixA(s, c) in a way that in thes → ∞ limit, α(A(s, c)tξξξ)
term reveals the close kinship betweenB(|u|2) and‖u‖4

4 terms of the potential energyV(u).
A useful and simple choice forA(s, c) is

A(s, c) =
[

c(s + 1) s
cs s+ 1

]
, (3.3)

where det(A(s, c)) = c(2s + 1) 6= 0 by assumingc 6= 0 ands > 0. This transformation concentrates
the Fourier transforms of the solutions on the lineξ1 = cξ2 ass → ∞.

Then, we have

lim
s→∞

α(A(s, c)tξξξ) = α(c, 1) =
λc4 + (1 + m1 − 2n)c2 + m2

λc4 + (m1 + λm2 − n2)c2 + m1m2
,

which in turn entails

lim
s→∞

B(|us,c|
2) = α(c, 1)‖u‖4

4, (3.4)

via Lebesgue dominated convergence theorem showing thatB(|us,c|2) becomes proportional to‖u‖4
4 on

the lineξ1 = cξ2.

REMARK 3.1 Asc → ±∞, we recover (1.8)1 and asc → 0± we get (1.8)2.

4. On the elliptic GDS system

We are now ready to formulate the full demarcation between the global existence and the possibility of
blow-up of the solutions of the purely elliptic GDS system.

We begin with recalling that a specific choice of the symbolαac lets us pass from the ACNLS
equation to elliptic GDS equation. This choice isαac(ξξξ) = χ + bα(ξξξ), the symbolα being as in (1.2).
In this section,αac is to represent the symbol for the elliptic GDS system. We reformulate the global
existence result for the elliptic GDS system.

THEOREM 4.1 Supposeαac(c, 1) > 0 for all c, then the solutions of the purely elliptic GDS system
(1.1) are global.
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Proof. It suffices to show thatαac(c, 1) > 0 impliesαac(ξξξ) > 0. Substitutingc = ξ1
ξ2

, one easily
recoversαac(ξξξ) from αac(c, 1) wheneverξ2 6= 0. If ξ2 = 0, then againαac(ξ1, 0) > 0 by the fact
thatαac(ξ1, 0) = limc→±∞ αac(c, 1) > 0 asαac(c, 1) > 0 for all c. But then solutions are global as a
consequence of Theorem2.3. �

LEMMA 4.1 Letω > 0. If αac(c, 1) < 0 for somec, then the setΣ0 = {u ∈ H1: u 6= 0,V(u) = 0} is
non-empty.

Proof. Using the asymptotic result in (3.4), we immediately see that

−(bB(|us,c|
2)+ χ‖us,c‖

4
4) → −(bα(c, 1)+ χ)‖u‖4

4 = −αac(c, 1)‖u‖4
4 (4.1)

ass → ∞. Now, choosing the parameterc asc0 for which αac(c0, 1) < 0, we see that the right-hand
side of (4.1) becomes positive. Then, there exists a sufficiently larges0 such that−bB

(∣∣us0,c0

∣
∣2) −

χ
∥
∥us0,c0

∥
∥4

4 > 0. But now the quartic polynomialV
(
sus0,c0

)
has a non-zero roots = s1, namely

V
(
s1us0,c0

)
= 0, becauseV

(
sus0,c0

)
→ −∞ ass → ∞. �

THEOREM 4.2 Letω > 0. Then,αac(c, 1) < 0 for somec if and only if a standing wave solution of the
form v = exp(iωt)u(x, y), whereu ∈ H1 solves (1.4), exists.

Proof. Sufficiency ofαac(c, 1) < 0 for somec is immediate from Lemma4.1and the proof of Theorem
1 in Eden & Topalŏglu (2008). Necessity follows from the necessary conditions obtained inEden &
Erbay(2006). These conditions require the use of Theorem1.1. First one is justω > 0 and the second
one is

Eω(R) =
∫

R2
(2ω + χR2 + bK(R2))R2 dx = 0,

where the real-valued functionR is the existing standing wave profile. Thus,αac(ξξξ) < 0 for someξξξ by
Proposition2.6 and Remark2.1. If this ξξξ hasξ2 6= 0, we setc = ξ1

ξ2
so thatαac(c, 1) < 0 for somec.

But if ξ2 = 0, this means that limc→±∞ αac(c, 1) < 0. Then, for a sufficiently largec0, we again obtain
αac(c0, 1) < 0. �

THEOREM 4.3 If αac(c, 1) < 0 for somec, then for any initial dataϕ ∈ Σ , there is a suitably scaled
initial dataϕ̃ ∈ Σ so that the local-in-time solutions of the initial-value problem

ivt +Δv = χ |v|2v + bK(|v|2)v,

v(0) = ϕ̃

blow up in finite time.

Proof. We will use Theorem 6.1 ofBabaŏglu et al. (2004) and show that there exists an initial value
ϕ̃ ∈ Σ for which the energyE, given by

E(ϕ̃) = ‖∇ϕ̃‖2
2 +

1

2
(χ‖ϕ̃‖4

4 + bB(|ϕ̃|2)),

is negative. In this proof, we again utilize scaling with the matrixA(s, c) and write the energy for
the scaled versionϕs,c(x) = | detA(s, c)|1/4ϕ(A(s, c)x) of the initial dataϕ. By assumption, we let
αac(c0, 1) < 0 for somec0. Now, as in the proof of Lemma4.1, we get

χ
∥
∥ϕs0,c0

∥
∥4

4 + bB
(∣
∣ϕs0,c0

∣
∣2 v

)
< 0,
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for sufficiently larges0 values. Finally, considering the energy corresponding toμϕs0,c0,

E
(
μϕs0,c0

)
= μ2

∥
∥∇ϕs0,c0

∥
∥2

2 +
μ4

2

(
χ
∥
∥ϕs0,c0

∥
∥ 4

4 + bB
(∣
∣ϕs0,c0

∣
∣2
))
,

and selectingμ sufficiently large, we obtain thatE
(
μϕs0,c0

)
< 0. Assertion follows by Theorem 6.1 of

Babaŏglu et al. (2004). �

5. The ACNLS equation: revisited

The results obtained in the previous section can be generalized to the case of elliptic ACNLS given by
(2.1)1. Defining

B(|u|2) := (K (|u|2), |u|2), V(u) := −
1

4
B(|u|2)−

ω

2
‖u‖2

2, (5.1)

whereK is as in Section2. Sinceαac is smooth and homogeneous of degree zero for allξξξ 6= (0, 0),
lims→∞ αac(A(s, c)tξξξ) = αac(c, 1) giving

lim
s→∞

B(|us,c|
2) = αac(c, 1)‖u‖4

4, (5.2)

B as in (5.1)1, similar to obtained in Section3.
The results of Section4 can also be stated by consideringc ∈ (0,∞) where a related assumption

appears. This is by the nature of the symbol for the GDS system which is even with respect to each of
the variables. In general, for the ACNLS equation, we need to deal with negative values ofc as well. So
if αac(c, 1) > 0 for all c 6= 0, thenαac is non-negative since it is assumed to be sufficiently smooth. In
this case, Theorem2.3 is used to generalize Theorem4.1. On the contrary, if there exists ac 6= 0 such
thatαac(c, 1) < 0 (αac(0±, ξ2) < 0 orαac(±∞, ξ2) < 0 for someξ2 ∈ R also implies this), then, for
any element inΣ , suitable scalings lead to the existence of an initial data inΣ having negative energy,
as in Theorem4.3. Finite-time blow-up of the corresponding solution for (2.1) follows by Theorem2.4.
As a result, full demarcation of the focusing and defocusing cases extends to the elliptic ACNLS: either
αac > 0 in which case allH1-solutions are global and bounded inH1 (defocusing) orαac < 0 at some
point which implies the existence ofΣ-solutions blowing up in finite time (focusing).

Considering (5.1) and (5.2), the same lines of the argument in Lemma4.1 and Theorem4.2 make
the negativity ofαac at some point a necessary and sufficient condition for the existence of standing
wave solutions of the formv(t) = Reiωt , R being a solution of (2.4), ω > 0.

As noted in Section2, in the defocusing case, allΣ-solutions have unique scattering states inΣ . In
the focusing case (αac < 0 at some point), Lemma4.1 considered with (5.1) allows us to argue as in
Eden & Topalŏglu (2008). Similar to that obtained in Theorem 1 ofEden & Topalŏglu (2008), one can
find a positive solutionR of the constrained minimization problem

R ∈ Σ0 = {u ∈ H1: u 6= 0,V(u) = 0},

T(R) = min{T(ψ): ψ ∈ Σ0} =: 2I

such that after a rescaling,R solves (2.4), ω > 0 and we still have 2I = T(R). We can also derive the
Gagliardo–Nirenberg-type inequality similar to Theorem 2 inEden & Topalŏglu (2008): in the focusing
case for anyf ∈ H1, we have

−B(| f |2) 6
ω

I
‖ f ‖2

2‖∇ f ‖2
2. (5.3)
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By Pohozaev-type identities,T(R) = ω‖R‖2
2 which in turn givesω/I = 2/‖R‖2

2. Now, considerϕ ∈ Σ
with ‖ϕ‖2 < ‖R‖2. Then by (5.3), E(u) > ‖∇u‖2

2(1−‖ϕ‖2
2/‖R‖2

2) and sou, the corresponding solution
with initial dataϕ, is global since we can control theH1-norm of the solution. Also the last inequality
holds with|u| which implies thatu has unique scattering states inΣ by the remarks at the end of Section
2. As a result, we proved the existence of scattering states for allΣ-solutions in the defocusing case and
for theΣ-solutions with subminimal mass in the focusing case.

At this point, it is possible to obtain blow-up solutions having mass‖R‖2, whereω = 1 and R

is as in the above argument. Sinceu(t) = Reit solves (2.1)1, U (t, x) = 1
t exp

(
− i

t + i |x|2

4t

)
R
( x

t

)
is

also a solution by the pseudo-conformal invariance property of the ACNLS equation as established in
Section 2 ofEden & Kuz(2009). Pseudo-conformal transformation preserves theL4-norm in the sense
that‖u‖L4((−∞,0);L4) = ∞ implies‖U‖L4((−∞,0);L4) = ∞. After translatingU in the positive direction
in time, we obtain a solution blowing up in finite positive time. This follows from the fact that the
maximal intervals of existence for theL2-, H1- andΣ-solutions coincide and from the related blow-up
alternatives, seeEden & Kuz(2009, Theorem 3.5) and Theorems2.1and2.2.

6. Standing waves for the ACNLS equation through Weinstein functional

In Eden & Erbay(2006), it was basically proved that if
∫

R2
K (|v|2)|v|2 dx =: (K (|v|2), |v|2) < 0,

for all non-zerov ∈ H1, then there exist standing wave solutions of the ACNLS equation. Without loss
of generality, we assume thatω = 1 from now on and seek solutions to

ΔR − R = K (R2)R

with R ∈ H1, non-zero and real valued. The obstacle faced inEden & Erbay(2006) was to keep the
denominator of theWeinstein(1983) functional,

J( f ) = −
2‖ f ‖2

2‖∇ f ‖2
2

(K (| f |2), | f |2)
,

which may become zero makingJ undefined for somef 6= 0. This problem fortunately disappears
when we look at the problem upside down. Namely, instead of minimizingJ, we maximizeI := 1

J .
Thus, we consider

sup
v∈H1,
v 6=0

I (v) = M,

where Ladyzhenskaya inequalities yieldM < ∞. Moreover, if I (v) becomes positive at somev,
then M > 0, i.e. to sayM > 0 only if there exists a non-zerov ∈ H1 such that the inner product
(K (|v|2), |v|2) < 0. This is a much weaker condition than the one assumed inEden & Erbay(2006)
and as we have shown is equivalent to being in the focusing case

αac(ξξξ) < 0 for some non-zeroξξξ ∈ R2.

Since we have all the necessary preparations already inEden & Erbay(2006), let us just show how to
use them.
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Assume(K (|v|2), |v|2) < 0 for some non-zerov ∈ H1. Let vn be a maximizing sequence, i.e.
I (vn) ↗ M > 0. Without loss of generality, takeI (vn) > 0 for all n and normalizevn by a scaling
of type (1.6) to R∗

n = qnvn(snx, sny), whereqn = 1
‖∇vn‖2

andsn = ‖vn‖2
‖∇vn‖2

to get‖R∗
n‖2 = 1 and

‖∇ R∗
n‖2 = 1. Note also that we have setω = 1. With these, we now have

I (R∗
n) = −

(K (R∗2

n ), R∗2

n )

2
↗ M. (6.1)

Since there is a weakly convergent subsequence ofR∗
n, after relabelling, we haveR∗

n ⇀ R∗ in H1.
Then,‖R∗‖2

2 = b1 6 1 and‖∇ R∗‖2
2 = b2 6 1, whereb1, b2 > 0. SinceR∗ ∈ H1 and R∗ 6= 0, we

must haveI (R∗) 6 M whence

−(K (R∗2
), R∗2

) 6 2Mb1b2 6 2M.

R∗ 6= 0 can be obtained by using a compactness lemma due toLieb (1983). Using this compactness
lemma,Papanicolaouet al. (1994) concluded thatR∗ does not vanish for DS equation (see the proof of
Theorem 1 on p. 77; see alsoOhta, 1995). The same argument applies here, and hence,b1, b2 > 0.

Next, we definewn := R∗
n − R∗. It was shown inEden & Erbay(2006) that

lim
n→∞

‖wn‖
2
2 = 1 − b1 and lim

n→∞
‖∇wn‖

2
2 = 1 − b2,

and also asn → ∞,

(K (w2
n), w

2
n)− (K (R∗2

n ), R∗2

n ) → −(K (R∗2
), R∗2

). (6.2)

Moreover, assume thatwn 6= 0, as otherwise nothing left to prove, so thatI (wn) 6 M as well. But this
gives

lim
n→∞

−(K (w2
n), w

2
n) 6 2M(1 − b1)(1 − b2), (6.3)

which is a lower bound for lim(K (w2
n), w

2
n). Combining (6.16.3), we obtain the inequality

−2M(1 − b1)(1 − b2)+ 2M 6 2Mb1b2,

which is equivalent tob1(1 − b2) + b2(1 − b1) 6 0 becauseM > 0. Since every term of the left-hand
side of this inequality is non-negative, we end up withb1 = b2 = 1, using also bothb1 andb2 are
strictly positive. Thus, the maximizing sequenceR∗

n converges toR∗ strongly inH1 ∩ L4 and the limit
R∗ leads to a standing wave profileR which satisfiesΔR − R = K (R2)R.

7. Closing the gap

We have entirely demarcated global existence and non-existence of the solutions of the initial-value
problem for the purely elliptic GDS equation depending upon the sign ofαac(c, 1). We now want to
investigate regions of parameters with regards to sign of the symbolαac. Thereby, it will be shown that
there remains no gap.

First, recall that

αac(c, 1) = χ + bα(c, 1) = χ + b
λc4 + (1 + m1 − 2n)c2 + m2

λc4 + (λm1 + m2)c2 + m1m2
,
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wherem2 > m1 > 0, λ > 0 andn2 = (λ − 1)(m2 − m1). Equating the denominators and after simple
algebraic manipulations, we arrive at

αac(c, 1) =
λ(χ + b)c4 + (χ + bδ1)(λm1 + m2)c2 + m1m2(χ + b/m1)

λc4 + (λm1 + m2)c2 + m1m2

=:
P(c2)

Q(c2)
,

(7.1)

whereδ1 =
1 + m1 − 2n

λm1 + m2
, first introduced inEdenet al. (2008). We now make a number of useful

observations. The denominatorQ(c2) is positive definite. Thus, the sign ofαac(c, 1) is completely char-
acterized by the sign of the quartic polynomialP(c2). Settingt = c2, we have the quadratic polynomial
P(t) which might have at most two distinct roots. But we note that only non-negative roots ofP(t)
contribute to the roots ofP(c2). However, if we think of the sign changes ofP(c2), a possible zero root
is definitely of even multiplicity and hence leads to no change in the signature ofP. In other words, only
at strictly positive roots ofP(t) that have multiplicity 1, the sign ofαac(c, 1) changes. We also recall
the following limiting properties ofαac(c, 1):

lim
c→±∞

αac(c, 1)= χ + b =: αac(±∞, 1),

lim
c→0

αac(c, 1)= χ +
b

m1
=: αac(0, 1),

using which the discriminant ofP(t) takes the form

D = (χ + bδ1)
2(λm1 + m2)

2 − 4λm1m2αac(±∞, 1)αac(0, 1).

Obviously, ifαac(±∞, 1) = 0, thenP(t) degenerates to an affine polynomial meaning that it has one
real root. If in addition,αac(0, 1) = 0, thent = 0 is the only root, which is a double root ofP(c2),
hence no sign change is possible. But whenαac(0, 1) 6= 0, then sign of the root is determined by the
signs ofαac(0, 1) andχ + bδ1. These cases are investigated below when we look at the end point of the
undecided region.

Now, assumeαac(±∞, 1) 6= 0. In order forP(t) to have two distinct real root, we need to have
D > 0. Positivity of at least one root ofP(t) can be guaranteed in two different ways:

(i) one positive, one non-negative root:D > 0 and
αac(0, 1)

αac(±∞, 1)
> 0 and

χ + bδ1
αac(±∞, 1)

< 0;

(ii) two non-zero roots of opposite sign:
αac(0, 1)

αac(±∞, 1)
< 0 (in this case,D > 0 is always true).

As mentioned in Section1, the only region where neither global existence nor blow-up could be es-
tablished remained asχ ∈

[
− bmin

{
1, 1

m1

}
, 0
)

for b > 0, noting thatb = 0 closes the gap. On the
right side of this interval, i.e. ifχ > 0, one gets global existence, and on the left side, blow-up may
occur. It can easily be checked that all the regions in which the character of a solution is known are
consistent with our improved criterion supplied by the sign ofαac(c, 1). For instance, forb < 0, if
χ + bmax

{
1, 1

m1

}
> 0, we previously had global existence. In this region, we haveαac(c, 1) > 0.
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Or, for b > 0, if −bmax
{
1, 1

m1

}
< χ < −bmin

{
1, 1

m1

}
, i.e.αac(±∞, 1) andαac(0, 1) are oppositely

signed so thatP(t) has two real roots of opposite signs. This is to sayαac(c, 1) < 0 for somec.
Back to the undecided region, we note that bothαac(±∞, 1) andαac(0, 1) are positive if we for now

exclude the left end pointχ = −bmin
{
1, 1

m1

}
. First, if D 6 0, namely no real roots exist or a double

root exists, thenαac(c, 1) is sign definite. This sign is found byP(0) = m1m2αac(0, 1) > 0. Hence, we
show that

(χ + bδ1)
2 6

4λm1m2

(λm1 + m2)2
αac(±∞, 1)αac(0, 1) (7.2)

is sufficient for global existence.
Now, supposeD > 0 for the rest of the analysis. Then, what matters is the sign ofχ + bδ1, as in

this open interval, item (ii) above is not possible as bothαac(0, 1) andαac(±∞, 1) are strictly positive.
Note that theD > 0 case excludes the possibility of vanishingχ + bδ1; thus, it is sufficient to the
check strictly positive and strictly negativeχ + bδ1. We easily conclude that ifχ + bδ1 < 0, thenP(t)
has a simple positive root and henceP(c2) changes sign in the vicinity of this root becoming negative.
Therefore, the solution may blow up. If butχ + bδ1 > 0, then both roots ofP(t) are negative making
P(c2) sign definite, and this sign is again positive. Thus, global existence is established.

At the left end point χ = −bmin
{
1, 1

m1

}
, we have a two-fold classification. Ifm1 > 1, then

χ + b/m1 = 0 andχ + b > 0. In this case, one can without difficulty observe that eithert = 0 is the
only root (m1 = 1) or two non-positive roots forP(t) exist (m1 > 1) if χ + bδ1 > 0, both of which
imply global existence. Whenχ + bδ1 < 0 andm1 > 1, then blow-up occurs by the existence of a
positive root ofP(t). If 0 < m1 < 1, thenχ + b = 0 andχ + b/m1 > 0. This case is almost same
with them1 > 1 case except thatt = 0 cannot be a root ofP(t), but again positivity and negativity of
χ + bδ1 give rise to global existence and blow-up possibility, respectively.

Summing up all, we have got upto this point; we in fact have a fairly uniform behaviour in the
previously undecided remained region. Then, all possibilities are the following.

Case 1:αac > 0 (defocusing) if either of the following is true:

(i) b 6 0 andχ ∈
[
− bmax

{
1, 1

m1

}
,∞

)
;

(ii) b > 0 andχ ∈ [0,∞);

(iii) b > 0 andD > 0 andχ + bδ1 > 0 andχ ∈
[
− bmin

{
1, 1

m1

}
, 0
)
;

(iv) b > 0 andD 6 0, i.e. (7.2) holds andχ ∈
[
− bmin

{
1, 1

m1

}
, 0
)
.

Case 2:αac < 0 at some point (focusing) if either of the following is true:

(i) b 6 0 andχ ∈
(
− ∞,−bmax

{
1, 1

m1

})
;

(ii) b > 0 andχ ∈
(
− ∞,−bmin

{
1, 1

m1

})
;

(iii) b > 0 andD > 0 andχ + bδ1 < 0 andχ ∈
[
− bmin

{
1, 1

m1

}
, 0
)
.

With the analysis above for every possible parameter region, global existence and blow-up results
are established in a mutually exclusive fashion. However, this analysis required a new quantityχ + bδ1
and with respect to its sign, we could apply our Theorems4.1and4.3 to conclude global existence and
possibility of a blow-up. We also note that inEdenet al. (2008) for positiveb the gap was shortened by
establishing a global existence result ifχ > −bmin

{
δ1, 1, 1

m1

}
though did not close it. This shortening

is possible only whenδ1 is positive. It is remarkable that we do not need any condition on the sign of
δ1. Whenn = 1 − λ = m1 − m2, we know that the GDS system reduces to the DS system. In fact, in
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this case,δ1 = 2m2−m1+1
m2(1+m1)+m1−m2

1
is a decreasing function ofm2, and consequently, we have

m1 + 1

2m1
> δ1 >

2

1 + m1
> min

{
1,

1

m1

}
.

This shows min
{
δ1, 1, 1

m1

}
= min

{
1, 1

m1

}
which leaves no gap even with the analysis inEdenet al.

(2008).

8. Concluding remarks

In this paper, we have clearly separated the focusing and defocusing cases of the purely elliptic GDS sys-
tem. With minor modifications, all our arguments are still valid for the more general class of equations
which we have called the elliptic ACNLS equation. We call the caseαac(ξξξ) > 0 for all ξξξ ∈ R2 \ {(0, 0)}
(αac(ξξξ) = χ + bα(ξξξ) in the GDS case) the defocusing case. This is the case where we have global
existence in the energy space for all finite-energy solutions. The stability of the zero solution is also
established in this case. The scattering of solutions in the scattering spaceΣ also follows from the
previous work done inEden & Kuz(2009).

Our main contribution comes in the other direction, i.e. whenαac(ξξξ) < 0 for someξξξ ∈ R2\{(0, 0)}.
This is the focusing case, here we have the existence of standing waves withω > 0 and the ground state
R plays the role of a threshold. On the one hand, when the initial mass of anH1-solution is less than
the mass ofR, then it is global. On the other hand, a blow-up profile is obtained usingR with the same
mass asR, and it is also shown that the solution with initial data(1+ε)R blows up in finite time. In fact,
this is a universal phenomenon in the sense that we can scale any initial data in the scattering space in
such a way that the energy of the scaled initial data becomes negative and the corresponding solution of
the initial-value problem blows up in finite time. The dichotomy that we have obtained can be put into
the form: either all finite-energy solutions exist globally or there exist standing waves and there exist
solutions that blow up in finite time.
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