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Questions

1. Let L = {R, S}, where R and S are unary relation symbols. Show that the L-sentence
(∃xR(x)→ ∃xS(x))→ ∃x(R(x)→ S(x)) is logically valid.

LetM = (M,RM, SM) be an L-structure. We would like to show that

M |= (∃xR(x)→ ∃xS(x))→ ∃x(R(x)→ S(x)).

The only way this is not correct is when

M |= ∃xR(x)→ ∃xS(x), (1)

and
M 6|= ∃x(R(x)→ S(x)). (2)

Suppose that (1) holds. So either M 6|= ∃xR(x) or M |= ∃xS(x). First suppose,
M 6|= ∃xR(x). This means that RM = ∅, and hence (2) does not hold. Finally,
assume that M |= ∃xS(x), this means that SM 6= ∅; take a ∈ SM. Regardless of
whether a ∈ RM or not, we have a ∈ SM. Hence once again (2) fails.

2. Let T be a formal first-order theory in a language L, and let φ, ψ be L-formulas. Show
that

`T ∀x(φ→ ψ)→ (∀xφ→ ∀xψ).

We first show
∀x(φ→ ψ),∀xφ `T ∀xψ.

Here is a deduction of ∀xψ from ∀x(φ→ ψ) and ∀xφ:

• ∀x(φ→ ψ) – Assumption

• φ→ ψ – Rule A4

• ∀xφ – Assumption

• φ – Rule A4

• ψ – Modus Ponens

• ∀xψ – Genx

Note that the variable x is not free in either ∀x(φ → ψ) or ∀xφ and in this proof we
only used Genx. Therefore using the Deduction Theorem twice, we get `T ∀x(φ →
ψ)→ (∀xφ→ ∀xψ).



3. Let L = {R} where R is a binary relation symbol. Consider the L-structures M1 =
(Z, <) and M2 = (Z,≡2), where < is the usual ordering of Z and m ≡2 n means
2|m− n. Show thatM1 andM2 are not elementarily equivalent.

It suffices to find a sentence σ such thatM1 |= ¬σ andM2 |= σ. Let σ be ∀xR(x, x).
Clearly, M2 |= σ since for every m ∈ Z we have 2|m − m(= 0). It is also clear that
M1 6|= σ since for all m ∈ Z we have m 6< m. ThereforeM1 |= ¬σ.


